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D

Zutritt zur Lehrveranstaltung
haben nur:

—~VOLLSTANDIG GEIMPFTE
—GENESENE

—GETESTETE

(negatives Testergebnis ist max. 24 Std. gultig)

Sollten Sie dies nicht nachweisen

kénnen, missen Sie bitte den Raum

jetzt verlassen.
Andernfalls droht ein Hausverbot!

Vielen Dank fur Ihr Verstandnis.
Schiitzen Sie sich und andere!

Admission to the course is restricted
to persons who are:

—FULLY VACCINATED
—RECOVERED
—TESTED

(negative test result is valid for max. 24 hours)
If you cannot prove this,
please leave the room now.
Otherwise you could be banned from
the room!

Thank you for your understanding.
Protect yourself and others!
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Vector Field

Let D C R". The function f: D — R" is called a vector field on D.

If every function fi(x) of f = (f1,...,fn)T is a C* —function, then fis
called C* - vector field.
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Figure 1: Sketch of the vector field
(_y7 X)T'
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Jacobian Matrix

Letf: D —R™ D CR", X = (X,Xa..., Xn)T €D,

fi(x) fi(X1, s Xn)
fa) | | fa(X1, .o Xn)

fm. (X) fm (Xl. ;.---Xn)

Then the Jacobian Matrix is m x n matrix J; = I (x):

0x;
gad i)\ (L0 B0 . L
Jf(x) = gradfg(x) _ %(X) %(X) g—)):i(x)
grad fm(x) Inx) Tn(x) .. Zo(x)
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Jacobian determinant

- If m = n, the determinant of the Jacobian matrix is known as the
of f.
- The Jacobian is used when making a change of variables and a
coordinate transformation.
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Figure 2: The Jacobian at a point gives the best linear approximation of the
distorted parallelogram.!

Thttps://en.wikipedia.org/wiki/Jacobian_matrix_and_determinant
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Exercise 1

Compute the Jacobian matrix and the Jacobian determinant of the
following vector function:

__ 1()<a)/) _ )(2)/
fx,y) = <2(x,y)) - <5x+sin(y)> .

Jf(x,y) =

det(Jf(x,¥)) =
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Exercise 2

Compute the Jacobian matrix of the following vector function:

2
f()<7)/7 Z) - (:fi Eji:i;: jg:) = (:2i;i;t23;§ :) :
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Chain rule for vector functions

- single-variable calculus

(fog)'(x0) =1(9(x0))g' (o)

- multivariable calculus

J(feg)(x) =Jf(g(x))) g(x)
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Exercise

letf: R® — Rand let g : R — R3 be a vector-valued function of one
variable defined as follows

f(x,y,2) = €’ cos(2x) sin(3y),
g(t) = (x(t), (1), 2(t)) = (2t, %, %)
Compute the derivative of the composition fo g.

grad f(X) = (fx;fy:fz) -

g'(t)

Now apply Chain Rule:

& = grad fx(), y(1),2(t)) - 9'(t) =
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Exercise

Let f: R? — R be defined by

fix,y) = X2y + xy?,

and let g : R? — R? be defined as follows

_[x(s, 1)) [2s+t
9(s,8) = <y(s,t)> B (s — Qt)

Compute the gradient of the composition fo g.
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Let u = (u1(x,Y), U2(x,y))" be a velocity field of the two-dimensional
flow. The streamlines associated with the flow u are the solutions of
the system of differential equations

{:X = Uq
Y =U>

or the differential equation

(depending on parametrization).
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Exercise

Calculate the streamline passing through a point (xo, )" for the

. . uy(x,y) X
stagnation point flow u = = .
¢ ’ <u2(x, y)) (—y)
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Exercise

Calculate the streamline passing through a point (xo, yo)" for the

time-dependent flow u = ui®)) _ (Vo . where Uy and k are
U2<t) Rkt

constants.
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Exercise

Calculate the streamline passing through a point (0,0)7 for the flow

y— ur(x,y) _ X
uz(X,y) Xx=1)(y+1))°
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Directional Derivative

letf: D — R,D C R" - open, X’ € D,v € R\{0}. Then

D) i Tz 10009 =)

t—0+ t

is called the directional derivative of f(x) in the direction v.

- theorem in the lecture =

Df(X) = grad f(x°) - v
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Exercise

Calculate by definition the directional derivative of the function
f(x1,%2) = 2x1 + X1X2 at a point (x9,x9) in the direction v = (vq,vs).
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Exercise

Let f(x,y) = x?y. Compute

- grad f(3,2)
- the derivative of fin the direction of (1,2) at the point (3,2)
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Exercise

Let f(x,y) = x?y. Compute

- grad f(3,2)
- the derivative of fin the direction of (2,1) at the point (3,2)
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Exercise

Determine Df(x,y) for f(x,y) = cos(7) in the direction v = (3, —4).
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Exercise

Determine D f(3, —1,0) for f(x,y,z) = 4x — y?e®? in the direction
v=(—1,4,2). Is it a direction of descent or ascent?
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Exercise

Determine D,f(3, —1,0) for f(x,y,z) = 4x — y?e3Z in the direction
v=(—1,4,2). Is it a direction of descent or ascent?
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Divergence

fl(le 000 7Xn)
letf = be a vector field.

fa(X1, .-, Xn)

The divergence of the vector field f is a scalar field defined as

n
divfzzg—)]:’_.
i=1 !
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fix.y,2)
Letf = | fa(x,y,2) | be athree-dimensional vector field. The rotation
)

fé()(vl/vz
of f (denoted rot f or curl f) is a vector field defined as

/ §_<aﬁ_a&>;+<aﬁ_aﬁ>;+<aﬁ_8ﬁ>@

i
0
ox
fi

rot f = =
f y oz oy 0z 0z  0Ox ox oy
fo f3
%fsfifz
: )
A
0z OX
Ofy _ Of
ox ay
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Exercise

X2y
Compute div fand rot f for f(x,y,z) = | —(z% — 3x)
4y?
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Exercise

Compute div f and rot f for f(x,y,z) = (3x + 222)7+ @] —(z— 7X)fe
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Level Surface (Isosurface)

- 3d analogue to level curves.

The equations of level surfaces are given by
fix,y,z2) =C,VCeR
i.e. the level surface equation at a point (xo, Yo, Zo) IS given by

Ny, = {x € R? : f(X,V,2) = f(Xo, Y0, 20)}
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Taylor Polynomial

- in R for f(x) around point xg

T(x) :f(xo)—kf,(lX!O) (x—xo)—&—ﬁ/(;;o) (x—x0)2+f”?())!<0) (X—X0)>+ ...
- in R2 for f(x) around point (xo, Yo)
Ta0) = flxo,yo0) + P00 ) o BRSOl
- in R? for f(x) around point (xo, Yo, Zo)
T2 (%) = fxo, Yo, 20) + LE0Y0:20)

1!
fy(Xo0, Y0, 20) (

fz(Xo-,)/oJo)(
1!

- 1

Y —Yo)+ Z—2p)
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Taylor Polynomial 2 Order

- in R for f(x) around a point xg
1 /
To(X) = Ta(x) + Q(X —Xo)f" (Xo0) (X — Xo).
- in R" for f(x) around a point Xg

Ta(K) = Ta0) + 57 (X~ Xo)Hf(K0) (X — o).
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Exercise: T,(x) for f(x, )

Compute the second-degree Taylor polynomial of f(x,y) = e~¢*+¥*)
at a point (0,0).
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Ty (x) for f(x,y,2)
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Some more exercises...

Compute the Jacobian matrix of the following vector function:

fi(x,y) sin(y)
fi,y) = [ f206y) | = | x* + cos(x)
f3(x,Y) x2y?
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Exercise: T,(x) for f(x,y, 2)

Compute the second-degree Taylor polynomial of
f(x,y,2) = sin(x +y) + xe?™Y — 22 + y at a point xo = (0,0, 0).
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Thank you!



