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The complex logarithm



The complex logarithm is a set valued function,  foa) <+ o

. .. e .
of which we mostly look at the principal value. e&d('*') . ‘”am
- 2l ei ovg 2\

For ZGC\{ZER ’ ZSO}, z:lz‘.eiarg(z):

{ Log(2) } - { log(|2]) + i(arg(z) + 2kn) | k€ Z }

For arg(z) € (—m,m) wecall log(|z|]) + iarg(z) the principalval}ae of
the complex logarithm.

The function
64(%\ Log(z) = log(|z|) + iarg(z), mit  arg(z) € (—m,m),

is called the principal branch of the complex logarithm.

Often this is denoted by In(z).
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Example: :€R, z>0: Log(z) = log(z) (real logarithm). D 372

Example: 2z, = v2(—1+1), 29 = 3i, = —4i.
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Example: 2; = 2exp (1%) , 2o = 3i, z3 = —4i.
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Be careful with the rules for the real logarithm!
They don’t generalize directly to the complex case!

For the it holds with a,b > 0:
a
log(a - b) = log(a) + log(b), log (5) = log(a) — log(b).
For the this is, in general, not true!
In general Log(z1 - 22) # Log(z1) + Log(22)
However, it still holds that

exp (Log(z1) + Log(22)) = exp (Log(z1)) - exp (Log(z2)) = 21 - 2.

Lo&) (=) + Loa ) e [Loa (2. ga3



We've computed a minute ago:

Log(1) = log(2)+i°r
f%(z) 4 LQCB)
_lyle 9= Z?jl()

.3
Log(e1 - 22) = log(6) i

With that:

LOg(Zl . 23) = 10g(8) + 1% —

2

LT
LOg(Zl/ZQ) = log (g +IZ =

Lt < s (1) T2

Log(z2) =

T /T
log(3)+1§, Log(z3) = log(4)+i <—§)
< obo This  coua
R Rewnk be okdloed .
&
.

Log(z1) + Log(z2) = [oa [5} Ty
Log(z1) + Log(z3) = /Zoa (¢) +1 €

Log(z1) — Log(z2) = [‘38[—9 + 1:‘—

Log(z1) — Log(z3) = [oékl';) Yoy



The Joukowski function



The Joukowski function has applications in aerodynamics.
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2= —1(=141), ro=¥% Looks a bit like a wing

1 on the circle, of an airplane

—1in the interior



Real and imaginary part of the Joukowski funktion 44 it
'l T~
cas(-y) = = (Y]
w:f(z):2<z+z>, z#0. ' —
with
z = re*¥, w = u+iv
we get
= 2 (r+ 1) coste), v = 2 (1= )siny)
u—2rTcosgo, v—27“rsmg0.
And for z=ux+1iy: %= N&J(\{) A K&‘-‘(\f)’ _i = —Z—-
~N ~
1, @ _ i,
u—2mx2+y2, v—2y .



Images of circles

E = Y"lé' < [I-‘ll:"s
= &CE\ = [FAD

Forfixed r=ry, ¢€l0,27):

_1 +1 (©) —1r—isin()
u_zro - cos(p), U—2 0 o ¥)-

Cas (4]
A
For ro=1: u = cos(p), v =0. . Y
-a

e  NAn -H/~lou7/t\
For rg 75 1: - 1,4} tevice |




Images of beams

For fixed o € [0, 27), r>0:

1 1 1 1
u=3 (r+;> cos(o), v=g (7"— ;) sin(io).
Analyse the functions Lion a(w’ = 00 —‘ﬂ_’@)‘:’; 9 (o]
‘fe=lzr- ~co A -
' = .i(.— — = =) ~=-
Lion W) =2 gy = 1(7°+1> 3" p AP D Miniamowm
£ 2 T %’ () '—,}_3> @ <£°‘ e od 8(” =4
Liva W) = -89 8(' = [x.20)
ryo P
SUR R he) =g (rmp)e P e SRS e



The inverse Joukowski function

The Joukowski function is not invertible on the unit circle, because

fle) = 5 (e +e?) = fe).

For |z|>1 we can compute the inverse directly:

o

1 1 5
w==\|z+- = 2z —=2wz+1=0 = z =
z
where we choose the branch of the square root, such that |z

2

w2
> 1.



Mobius transformations



The extended complex plane and generalized circles

We add the ,infinite point” oo to the complex plane, C* =C U {oo}.

A generalized circle in C* is either
e a(true)circlein C,

@ a straight line through oc.

&Aﬂ lines ao -H/uo% Wiis loa'w.-l.



Mobius transformations

A Mobius transformation it a function

az+b

T oC, TR =

with
a, b, ¢, d €C, und ad —bc # 0.
O Domivador ouol
deuwominodor owe

Aiffoonl  wes.
If 21, 29, 23 € C* and w, we, wy € C*, are, respectively, pairwise

distinct, then T is uniquely determined by the interpolation condition

T(Zj) = wy, j = 1,2,3.



This is easy if we know a and a

For given z; and z; with T(z) =0, T(22) =00, the Mobius
transformation 7' has the form

ﬂ@-—aZijB acC.

Example:
TG) =0, T(-2) =00, T(2) =3+i = Tk =a- ;J:;i
Finde a: T(2) = a- 22;211 - %(2—1)(2—21)
= T0-3) = 341 = a=4
di-z+4

242




We can find the interpolating Mobius transformation

by the

For pairwise distinct

21, z2, 23 € C* and  wi, wo, wy € C*, solve
w — W1 .wg—wl z— z1 .2’3—21
W—wy W3 —wy  Z—29 23— 29
for w and let T(z) = w.
Then T satisfies
T(Zj) = ’U)j, ] = 1,2,3.



We can find the interpolating Mobius transformation
by the

Z2:—2, 23:—1+i,

Y

Example: .
— wi =0, wo = 4, w3 = 2 + 2i.

Use the tree point formula:

w—-0 (242)-0_  z-0 (=141 -0
w— 4 (242) -4z — (=2) " (=141 - (=2
N w i+l oz i-1
w—4 " i-1  z+2  i+1
. 12
& w(z—|—2):z(w—4)?+1;2 wz+2w = 4z —wz
1_
k"\/’A
2z = -
& w = = T(2)




Mobius transformations are circle preserving.

Let:
az+b . .
o T(2) = e d ad —be # 0, a Mobius transformation;
cz i
e K cC* ageneralized circle. al€) L

7(H= (e ©

Then the circle preservation holds: i

® _d €K = T(K) isastraightline.l —(u«) s o 8woaﬂ-zeol
\
oi(o(e .
o ¢ ¢ K =  T(K) isacircle. /



A Lot

How do we find images of generalized circles? v
/ ISL R
d . . . . =1
If —- € K (image is a straight line): > R
Tewo poiunts detoming
o lUue.

Chose =z, 29 € K, compute w; = T(21), wa = T(22);

Image line: TK) ={weC | w=w+alwy—wi), a € R}U{oco}.

Often it is easier: !



How do we find images of generalized circles? T -

If d ¢ K (image is a true circle):
C

Theee fOi‘ﬂ'(s
Choose 21, 29, 23 € K, compute ole:Lb\:{;‘ﬂ@ S
citehe
wp = T(Zl), w2 = T(ZQ), w3 = T(Zg);
Solve
(1) Jwy —wo* = R?, (2) |wz—wo|* = R?, (3) |ws—wo|* = R?

for wog=1wug+ivgy and R.

Image circle: T(K) = {we C | |w—wy| = R}.

Often it is easier: !



Symmetries w.r.t. generalized circles

Symmetry w.rt. a line:
Reflection

The clse- 2, s
1o 2,, Hre _ﬂwulrbu/
Symmetry w.r.t. a circle oulsiole is 2
with center zy and radius R:

(21 — 20)(= — %) = R

We agree: 2, issymmetricto oo.



Mobius transformations w.r.t. generalized circles.

Let:
T:C*— C* aMobius transformation;
K c C* ageneralized circle;

21, 22 € C*.

Then the holds:

21, 7o symmetricw.rt. K

= T(z1), T(22) symmetricw.rt. T(K)



- . 4z — 4
Mbius transformation  T'(z) = — 2,1
Z—uzl

Example:
M;i: imaginary axis : 21 é? M4 =) T(MA s & SL:G«/L#*
T(i\]\ ’L&_; = 4n-n . all ef[. cead
o2 N-2 =) Gwcé-e S
e \u[’a{‘e
'(ew( QxS

My: circle |z| = 2 '
2ieM, =y K, s & 54‘0‘)\34/\4 Live.
U, St w.cd My 2D TH) Sqwaun. w. .t

T, R
=) T(ka) ocllergonal 45 7. (- ol remy
PN c,( 1o I/,Q) T(-2i) ""i’%%‘@

M. real axis
= T,
2i &y = T Hue Q,we,\.L - {2ec| Rew -3\
M uw, +o M ool WK, _)'T(HS) S, o T (M) Q«J _r(hz

=) cedter od 8. ’Za.o(AAS: = [Teo) -3 -{3—-3



Example: Mobius transformation

M: circle |z —4i] = 3 -Si

Le Ay =T(%°‘) be e
a0y = T(2)  Symwm. +o

3z —1
T() = z+ 5i B

£ K 2 T +us cieole.

NI

= -8

ceuter . Thenm
00 =T(-§j) w-ct T )

=) s Sqyum. to -Si  w.d. K

5 8= (r,-u) (siovw)
£22= (i»‘ao)(’s_f - a)}
Jioi S

= —_— =

5w =T = 0 75

- (2, -u) 30 D ko=
S 2, =3

s Hae cendo of T

Roclius: iel, B=|Ta)-4 = [5F-1|=E1 - }

TM) = faeC |

[2 -4 S—L :
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