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Elementary complex functions



Linear and affine functions

f:C—=C, f(2) =a-z+Db withgiven a € C\ {0}, beC

We already know
Addition (+b) means shifting in the direction of b.

Multiplication (a - z) means rotating by arg(a) and stretching by a factor of |a:
. —_— ) O\ / s
With o = |a|el@s@) 7 = rei®;

a-z = |alr-el(Pusl@) iR
—
Q X'
Al z € C are rotated by the same angle 0.-"""'
and stretched by the same factor! LY Z

In particular: Forafixed a € C the angle between z1, zo € C is the same as the angle
between a - z; and a - 29!



Linear mappings from R? to R? can do a lot more! Ar. = A \
K; = A

. 2 2 . (1 0 (1 (0
Example: [ :R° — R* f(x)= Az, A(O 2), xl(O)’ x2<1>.

Then ||z1|ls = ||z2ll2 =1, but]|Azi]s =1, ||Azz|2 =2, d.h.so different
directions get stretched by a different factor!

This map does an stretching.
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Example: [ :R* — R* f(x) = Az, A_<O 1), x1_<0>7 x2_<1>.

The angle between z; and z3 is 7/2, butthe angle between Az = (1,0)T and
Aze = (1,1)7 is 7/4.

This mapping is



Images under linear functions

Example:

f(z) =a-z + b,

a =141 = ﬁeig,

M={zeC | 0<Re(z) <1}

+ b
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b= -2i
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The function f(z) = 27! =5 o =] < %__ A
For z # 0, z=re? 7l = 2 = ZeTl¥ A
z T =3 =) -"‘5_-: 2.
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Interlude: Representing circles ~ Pecall = A= [:z e C |(2-7,| - 23

= f%c c{ 2 =%°+Rei?, \({[O,?ﬂ)}
Circle with center zg € C, radius R > O:
lz—2%| = R & |z—2z|*> = R?
With that:

R? = |z—zo|2 = (z—20)(z — 20)
= (2 —20)(Z — 20)

= 2Z — 2Zo — 202 + 2020



Backto f(z) = 27 ..

Example: Circle with center zy = 2, radius 2, without zero:

D={zeC\{0} | |z —2 =2}

Whatis f(D) for f(z) = 2712

With the representation above:

; -1 1.
Consider W= o 2=

o
|z =217 = 2Z2-22-2Z44 =A.
.@: %o
& 1-2w—-2w =0

=

1-2w+w) = 1—4Re(w) = 0
iR

Therefore, f(D) = {z € C | Re(z) = i} =G.

Analogously it follows that f(G) = D.

Pe (W)



The exponential function

4 iods
2. arr -poiodie
z=z+1y: exp(z) = e¥-e¥ = e“(cos(y) +1isin(y)).

Then
|ez| = efte(), arg(e®) =Im(z) (+2km).

&l =[] = [e"[‘lf\ﬂ = leX|
=A



Example: z = x + iyg with x € R and fixed . Ui oldle.
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Example: 2z = zg + iy with y € R and fixed xg. &ixed| owﬂe
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Composition of functions

Example: f(z) = (e'T -z®+ 1+1,
M={2eC | 1<]z] <2, Re(z) >0, Im(2) < 0}
Decompose f into:
f=1/fs0f20f
with

—

u=fi(z)=€T .2, w=folu) =0,  w=fav)=v+1+i



M={zeC | 1<|z] <2, Re(z) >0, Im(z) < 0}
={z=r?cC | re[l,2], p€(~7/2,0)}
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Here : =41

o -y T
u=fi(z) =Fe'1 .2 (_g’.z v * .
filM) = {fu=reY e C | r€[1,2], ¢ € (—n/4,7/4)}
7 T
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v = folu) = u? \[
fo(fi(M)) = {v=re? cC | r€[1,4], p € (—7/2,7/2)}




w=f3(v) = v+1+1i
FM) = f3(£2(i(M) = {weC [ w=re¥ +1+1i re[L4], pe€(-7/2,7/2)}
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We now know some geometric operations in the complex plane.

Shifting:  Addition

Rotation / stretching:  Multiplication

Increase / decrease sectors: Powers

Map stripes parallel to the imaginary axis to rings: exp

Map stripes parallel to the real axis to sectors: exp



Natural powers / roots



What is the square root of a complex number?

We already know:

z rei‘P, n €N = 2" = pneine,
Question: Is /z = Zn o= rueln ? == Itis a bit more complicated.
’—_’\) LU Hais e ot
We are looking for Vi, thatis,a w € C with w? =1i. N_%"ea;‘l‘)"'\g d_e:"(’,
w=pe® =i = w=i=1¢2 bed %ﬁels ""‘°"‘-
wzzupz‘iiz_a‘;&‘z_‘ig’ ~ e
With that: Fiest fudd we roditS
P &‘Vok pP’=1 & p=1 (since p>0)
we o 2a=T"qor =
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General natural roots and their principal value

In order for z = re?, neN, w = z%, with w = pel®, to give
wh = pe =z = ol el
044/')4(5' 7
weneed p = |z|]»  and J
i ) arg(z 2k
e = oiarg(z) = na = arg(z) + 2kmw = a = —i( ) + —
This leads to n pairwise different points Tiwle be, ox_ P il
WM =]

2k v
w—|z|nexp( (argn() Fﬂ')), E=0,1,2--- ,n—1,

the principal

.arg(z)
with w" = 2. wecall w= |z:|%e1 W, with arg(z) € (—m, )

value ofthe n-throot. As w. T : {a' - 2, Mot -2.
But K‘L:l‘ has  Jwe .SO(M'\"\OUS ya OA»A -2.



Example: Find all solutions z € C of
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Some equations with exponential terms can be solved in a similar fashion.
Example: Find all solutions z € C of
UL
(e\ = e2z = _0i = Se
Siwilaoly = With 2= x 41y

(4) Finok Hae weal port o Sivee ‘(J)L 3 D X L.(3)
S ACLUANE _ )= g2 =3 B 2"
@ = (3" =3 2 = 5 Al Dhukows howe wed
. pot Au(3), 2= Al +1y

() Findt dhe mogineay P!
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Le})'(:Gel-z‘f = 3& Z) l/. 'MO&M;'{:L’] Ma“'\1
ey = -3+ 2T =) (=gl e ) R
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