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Complex Functions
for Students of Engineering Sciences

Worksheet 7 - Solutions

Problem 1. Consider the functions
O pp— @ g = :
2= 22— 2243 g\#) = 24 4 3023 — 2227

(a) Determine and classify all isolated singularities of f and g, respectively.
(b) Compute the corresponding residues.

(c¢) Find a partial fraction decomposition for f and g, respectively.

(d) Compute %f(z) dz and 7{9(2) dz for T'=0By(i/2).
r r
Solution.

(a) We have
2 —2243=(2-1%+2=0 z{,=1+V2i

At 2z and 2] lie simple poles of f.
Moreover:
4, 9.3 2 2 - : g _ 9 _ _; 't
24 4 3i2° — 22° = 2%(2 +1) (2 + 2) 2 =0, z2{=-1 25=-2i
At 2§ lies a double pole of g, at 27,z we have simple poles.

(b) Since z{, 2/ are simple poles of f, we get:

1 1
Res(f,1+v2i)) = lim (z—(1+V2)f(z) = ————— = —,
(f )= G- VAN = sl = o
Res(f,1 —v3) = lim (s —(1—v3A)f(z) = — N
21— /2i 2= (1+V20) |5 21/2i
Alternatively, we can compute the residues as
1 1 1
Res(f,1+V2i) = ———— = = .
(f ) (22 =22+3) 113 22 =2|1, 5 +/2i
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For z{,z] we get analogously:
Res(g, i) = Jim (2 +i)g(s) = —5— = -1 =
ey = ARETUsE = 2z+2),_, i b
Res(g, ~2i) = lm (= +20)g(z) = - - 5=
eo\g, TE) = AE\E T AR = 22z 41) | o 4 4

Because z§ =0 is a pole of order m = 2, it holds

Res(g.0) = I d(m—1)2)_1,d 1
0.0 = I\ Ze 9@ ) = g (e

2z + 31
(22 + 3iz — 2)?

z=0
(¢) The function f has two simple poles. The partial fraction decomposition is given by

Res(f, 1+ v/2i) N Res(f, 1 — /2i)
z— (1 ++/2i) z— (1 —+/2i)

f(z) = hy(z14+V20) + hy(z;1-V2i) =

i 1 i 1
T2V - (1-V21)  2v2 z—(1L+2i)
For g we find

9(2) = he(2:0) + he(z;=i) + hy(2; =20),
where the last two terms are given as:
hy (2 —i) = Res(g, —i) i Res(g, —21i) i

- hy(z; —2i) = _ .
ti 2+ o2 =2 = — A(z + 2i)

For remaining term, we look at the Taylor series of §(z) = 2%g(z) around 2 = 0:

. 1 1 3
g(z) = oy R —§—Zz+....
From this it follows that the Laurent series of g = g/2?% is:
9(z) = —2—; - j—;
hg(2,0)
Finally, we get
i i 1 3i

G = TR T I w 22 o

(d) For f, only the singularity z/ =1+ /2i lies in the interior of B,(i/2). With that:

]gf(z) dz = 2mi-Res(f,1+V2i) = %

For ¢, the singularities z§ =0 and z{ = —i lie in the interior of By(i/2). With that:

# 9(2) d= = 2ri- (Res(g.0) + Reslg, —0) = 2ri-{ = —
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Problem 2. Compute

o 1
/_OO @2+ 1)(22 + 4) dz.

Solution. The complex function

1
(224 1)(224+4)

fz) =

has singularities at 219 = =i, 234 = £2i. All of them are simple poles. We compute the
residues of the singularities with positive imaginary part:

) 1 1 ' ] X
B e 11 A V[ 1] M P
With that:
) ! ; : . T
/_OO @1 (22 +4) dz = 27i(Res(f,i) + Res(f,2i)) = 5
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Problem 3. Compute

/F (22 + 1;2,22 Ty &

for the depicted curves I'. The arrows show the direction of the curve and we assume that
each curve is passed through once.

(a) (b)
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Solution. The singularities

lie at
21 :17 22217 23:_17 Z4:_i7

and are all simple poles. The corresponding residues are

42 1 . 22 1
ReS(f, 1) - (z2+l)(z+l) ’221 = Z? R‘es(f7 1) = (z+1)(22—1) =i - E’
42 1 . 22 1
Res(f, —1) = —(Z2+1)(Z—1) . — —Z’ R,eS(f, —1) = _(z—i)(zz—l) _ = —E

(a) The curve goes around 2z, and z; once in positive direction.

/F(22+1)(22—1) dz = 2mi (Res(f,1) + Res(f, 1)) = 0.

(b) The curve goes around z; once in positive direction and around z3 twice in negative
direction.

/F(Z2+1)(22—1) dz = 2ni(Res(f,1) = Res(f, =1)) = i,

(¢) The curve goes around all singularities once in positive direction.

/F<z?+1><za—1> dz = 2ni (Res(f, 1) +Res(f, ~1) + Res(f, ) + Res(f, 1)) = 0.

(d) The curve goes around z3 twice in positive direction.

/r(22+1)(22—1) dz = 2mi(2Res(f,—1)) = —mi

(e) The curve goes around z; and z3 once in positive direction, around 2, twice in positive
direction, and around z; once in positiver and once in negative direction.

/F = 1;;2 9 dz = 27mi (Res(f, 1) + Res(f, —1) + 2Res(f,1) + 0 - Res(f, —i)) = 7.



