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Complex Functions for Students of Engineering
Sciences

Worksheet 6 - Solutions

Problem 1. (problem from an old exam, 7 points )  Consider the function

1
/(z) = (z—2)%(2+3)

(a) How many Laurent series are there for f around the point zy =27 In which rings
do these series converge?

(b) For each of the rings from part (a), compute the Laurent series expansion of f that
converges to f in the respective ring.

Solution.

(a) There are two Laurent series for f around zy = 2.
One converges inside the ring Ry : 0 < |z — 2| < 5, and one converges inside the ring
Ry: b < |Z — 2| .

(b) We write
1

z+3

f) = (- 2)*
I
z4+3 (=2 +5

and expand g¢(z) := in each of the rings.

In R; we get:
B 1 1 1 1 KDk —2)F
9() (z—2)+5 5 1-(-%2) S'kz_o 5k
With that:
anm (—1)F(z —2)F = (—1)F(z — 2)F2 = (—1) "
o) = oy CIE P = S RS S e
In Ry:
B 1 1 1 1 = (—1)F5*
9(2) = (2—2)+5 2—2'1—(—252) N 2—2';:%(2—2%
With that:
—2 - (_1)k5k = k —k—3 k —k—3 k
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Problem 2. Find the Laurent series expansions for the following functions. In particular,
what is the coefficient ¢_; in the expansion?

-2
(a) f(z):% around 20 =2,
1
(b) f(2) = (2 + 1)* cosh (z+1> around zo=—1.
Solution:
(a) For |z —2|>0:
exp(z — 2) 1 z2—2 (2-2)2  (2-2)3
— T4 1
/) 2 -2 s\ PTn T T T
z2—2 (2-2)?% (2-2)3
= 1
Z—2+ + 2! + 3! 4! +
OO(Z—Q)”l > (z —2)"
_ =1
2 PIRES

(b) For |z+1|>0:

z+1

= (z4+1)°%(1+ L, 1, 1
B 2z +1)2  4l(z+1)*  6!(z+1)°

() = (z+1)3cosh( ! )

(z+1) 1 1

= 1)3
1T poirug S Ty

3_|_

n=0 n=—00
where we have for k= —o0,...,1:
0 1 N 1 1
C - C == C_1 = — = —.
W HHT 3 2k + 1) VTR

Problem 3. Which of the following statements are true, which are false? In each case,
give a (short) explanation for your answer.

(a) Let f,g beanalyticon C.If thereisa 2y € C with f™(zy) = g™ (2) for all n € Ny,
the it holds that f(z) = g(z) for all z € C.
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(b)

(c)

Let f be analytic on C. If there is a zy € C and a m € N, such that f™(z) =0
for all n > m, then f is a polynomial of degree at most m .

Let f be analytic on an open disk around 2, and let z, be a point on the boundary
of that disk, such that the Taylor series of f around z, diverges in z,. Then f has
a singularity at z, .

Solution.

(a)

The statement is true. From f™(z) = g™ (2,) for all n € Ny it follow that the Taylor
series of f and g around z, are the same. Since f and g are analytic on C, both
functions are represented on C by that series, and therefore are the same function on

C.

The statement is true. With f(™(z)) = 0 for all n > m, the Taylor series of f around
20 is

£ (4 m ) (4
f(Z) _ Zf ( )(Z—Zo)n _ Zf ( )(Z—Zo)n

n!
n=0 n=0

= f(20) + fl(20) (2 —=20) + - + —(2—2)".

The statement is false. A counter example: Consider f(z) = zo = 0: The

corresponding Taylor series

n=0

converges for |z| < 1. The singularities +i lie on the boundary |z| =1, so the radius
of convergence cannot be larger than one. But also in z, = 1 the series diverges,

So(-1r = o)

but f has no singularity at z, = 1.



