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Complex Functions
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Worksheet 1 - Solutions

Problem 1: Consider the complex numbers

z1 = 2 + 3i, z2 = −4 + 5i.

Compute the following in Cartesian coordinates :

(a) z1 + z2 , |z1 + z2| , 2z1 − 3iz2 , 2z̄1 − 3iz̄2 ,

(b) z1 · z2 , z̄1 · z̄2 , z21 · z22 , Re(z21) · Im(z22) ,

(c)
z1
z2

,
Im(z1)

Re(z2)
.

Solution: We compute directly:

(a) z1 + z2 = 2 + 3i + (−4 + 5i) = −2 + 8i ,

|z1 + z2| = | − 2 + 8i| =
√
22 + 82 =

√
68 ,

2z1 − 3iz2 = 2(2 + 3i)− 3i(−4 + 5i) = 19 + 18i ,

2z̄1 − 3iz̄2 = 2(2− 3i)− 3i(−4− 5i) = −11 + 6i

(b) z1 · z2 = (2 + 3i)(−4 + 5i) = −23− 2i ,

z̄1 · z̄2 = z1 · z2 = −23 + 2i ,

z21 · z22 = (2 + 3i)2(−4 + 5i)2 = (−5 + 12i)(−9− 40i) = 525 + 92i ,

Re(z21) · Im(z22) = −5 · (−40) = 200 ,

(c)
z1
z2

=
2 + 3i

−4 + 5i
=

(2 + 3i)(−4− 5i)

(−4 + 5i)(−4− 5i)
=

7

41
− 22

41
i

Im(z1)

Re(z2)
= −3

4
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Problem 2: Consider the complex numbers

z1 = 1 + i
√
3, z2 = 1− i

√
3, z3 = −1− i

√
3, z4 = −1 + i

√
3.

(a) Sketch the position of these points in the complex plane and compute their polar
coordinates ( z = reiφ ).

(b) Compute z1 · z4 and z71 .

(c) Compute
z21 · z2
z3 · z̄4

.

Solution:

(a) In polar coordinates, zk = rke
iφk , the radii satisfy

rk =

√
12 + (

√
3)2 = 2, k = 1, 2, 3, 4.

We compute the angles as

x1 = 1 > 0, y1 =
√
3 > 0 ⇒ φ1 = arctan(

√
3) = π

3
,

x2 = 1 > 0, y2 = −
√
3 < 0 ⇒ φ2 = arctan(−

√
3) = − π

3
,

x3 = −1 < 0, y3 = −
√
3 < 0 ⇒ φ3 = arctan(

√
3)− π = − 2π

3
,

x4 = −1 < 0, y4 =
√
3 > 0 ⇒ φ4 = arctan(−

√
3) + π = 2π

3
.

So we get

z1 = 2ei
π
3 , z2 = 2e−iπ

3 ,

z3 = 2e−i 2π
3 , z4 = 2ei

2π
3 .

(b) Using the rules for multiplication in polar coordinates we find

z1 · z4 = 2ei
π
3 · 2ei

2π
3 = (2 · 2) · ei(

π
3
+ 2π

3 ) = 4 · eiπ = − 4,

and
z71 =

(
2ei

π
3

)7
= 27 · ei

π
3
·7 = 128 · ei(2π+

π
3 ) = 128ei

π
3 .
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(c) We compute nominator and denominator separately:

z21 · z2 =
(
2ei

π
3

)2 · 2e−iπ
3 = 8ei(

2π
3
−π

3 ) = 8ei
π
3

and
z3 · z̄4 = 2e−i 2π

3 · 2e−i 2π
3 = 4e−i 4π

3 = 4ei
2π
3 .

With that:
z21 · z2
z3 · z̄4

=
8

4
· ei(

π
3
− 2π

3 ) = 2e−iπ
3 = z2.

Problem 3: Sketch the following sets in the complex plane or describe them with words.

(a) M1 = {z ∈ C | |z − 1 + 3i| ≤ 2},

(b) M2 = {z ∈ C | |z + i| = |z − 3i|},

(c) M3 = {0} ∪ {z ∈ C \ {0} | Re
(
z
z̄

)
= 0},

(d) M4 = {z = reiφ ∈ C | r ∈ (2, 5), φ ∈ (−π/6, π/6)} .

Solution:

(a)
M1 is a disk with center z0 = 1 − 3i and radius 2
(including the boundary).

(b)

M2 is the set of all points with the same distance to
both z1 = −i and to z2 = 3i . Therefore, it is a straight
line that is orthogonal to the line connecting z1 and z2
and passes through the midpoint of that line.
The line connecting z1 and z2 runs along the imaginary
axis and its midpoint is i , i.e. M2 is the line parallel
to the real axis that passes through i ,
M2 = {z ∈ C | Im(z) = 1} .
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(c)

With z = reiφ, r ̸= 0 we have z̄ = re−iφ and
z

z̄
= e2iφ .

Thus, Re(z/z̄) = cos(2φ) . Then we get

Re
(z
z̄

)
= cos(2φ) = 0 ⇒ 2φ =

π

2
+ kπ, k ∈ Z

⇒ φ =
π

4
+

kπ

,
k ∈ Z.

M3 consists of the lines Re(z) = Im(z) and
Re(z) = −Im(z) .

(d)
M4 is a segment of the ring with inner radius 2 and
outer radius 5 , with angles between −π/6 and π/6
(without the boundary).


