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Exercise 1: Calculate the following integrals:

a) 74 < d, Cr:[0,21] = €, Ci(t) = 2+ ¢t
& °
b) 74 %dz, Cy: [0,27] = C, Ca(t) = 26,
Cy
ﬂ_eizz )
c) 74 T 4 Oy [0,27] = C, Cu(t) = 2,
(z =)
Ca
z cos(2z) ”
d) f (_771,3612 03: [0,27'(']—> (C, C3<t): 1+€Z,
o \° 5)
z cos(2z) L ot
e) —dz Cy: [0,6m] — C, Cy(t) = 5e™,
(z—2)3 2
Cy 3
z cos(2z) i
f) f mdz 05: [0,67'(']—> (C, C5<t): 1+2€ s
Cs 3
1 A
——d : 10,4 C t)y= =31 -
2) 72 S de Co 04 o € Go(t) = i+ 3¢
2+ 2
h) 7{ e D dz, C7: |z—0.5] =1, traversed once counterclockwise.
28— 2242 —

Cr

Solution to Exercise 1:

a) According to Cauchy’s Integral Theorem, we have: ]{ i = 0.

b) According to the first Cauchy’s Integral Formula (see lecture for conditions):

(2) dz = 2mif(2p).
C Z—2

Therefore, 7{ 4z = 2mie® = 2mi
z
C2
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c)

According to the second Cauchy’s Integral Formula (see lecture for conditions):

JALC R ALY

(z — zp)"t! n!
Therefore, 7{ L, = 2mi (7reiz2)/ = 27%i% . 2ie” = —4nPie .
(z —1)? =i
Since (zcos(2z))” = (—2zsin(2z) + cos(2z)) = —4zcos(2z) — 4sin(2z),

we obtain with the second Cauchy’s Integral Formula:

I3 ::gf Z(:ZO_S(;;) dz = mi[—4zcos(2z) — 4sin(2z)]zz% = 27ri(% —V/3)

z cos(2z)

From Cauchy’s Integral Theorem, it follows that j{ dz = 0.
Cy

Cj5 encircles the pole in the same manner as C'3 but three times. Therefore, we get:

2
Iy = zc0s(22) dz = 313 = 2mi(m —3V/3).
Cs 3
1
22422410

Finding the roots of the denominator: 22 +2z+10= (2 +1)24+9=0 <= 215 =
—1£32.

Consider f(z) =

1
z—(— % . 1 2
Then, j{ f(z)dz = j{ O gy = 2.2 - , N = =
Cs s 2 — (—1 — 3i) —1-3i— (=14 3i) 3

22 +1 2241
We h = .
¢ Have (B3—2242—-1) (22+1)(z—-1)

The points +i are outside |z — 0.5] < 1. Thus, it follows that:

2242

2242 > 1242
dz — ?f L g opi [0 = 3
/ F-2rz-17 -1 7”<12+1 m

|z—0.5|=1 |z—0.5|=1

2242 )

(Cauchy’s Integral Formula with f(z) = 405
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Exercise 2:

Given the function

2432+ 22 1+2 < cos(z) —2

O T e I O

a) How many Laurent series are there for g, f or fat z=07

b) Determine the Laurent series of the functions f and f for the point 2z, = 0 that
converges to f(2) or f(2) in the neighborhood of z* = 2.

Hint: polynomial long division should be used!

Solution:

a) For g, there are three Laurent series around zero in the following rings:

Ry :0< 2] <1, Ry 1<z <2, R3: 2 <|z|.

For f, there are two Laurent series around zero in the following rings:
R120<‘Z|<1, R221<’Z‘.

For f, there is only one Laurent series around zero. The series converges in the
dotted complex plane:

C\{0}: 0 < |z|.
b) We approximate for |z| > 1 and zy =0:
142 1 1+2 1 1—1
/) Z+z2(z+i) 22 z+i H_z? < +z—|—i>

11 ( 1 >_ L1 (11
o2 22 z4i) 22 22 z 1—?

1 1—i (& (=) 1 & 1—i
= a3 <Z ok )ZZQJ“ZZ%.ZH?,

k=0 k=0

-3
=224+ ) (1 -ttt

k=—00

For f, it holds that in the dotted complex plane0 < |z|:

7 cos(z) —2 _ 2 1 & <_1)k 2%k S (_l)k 2(k—1)
— + kzzg) 2! 2 = + E :

f(z) =

22 22
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