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Exercise 1:

a) Let C' be the unit circle |z| = 1 traversed once in the mathematically positive
direction.

1
(i) Compute / —dz.
C

(ii) For a function analytic on C, it is given that | f(z)| =4 everywhere on the

curve C' and f(0) = 47. What must f look like?

b) Let C be a smooth closed piecewise C! curve without double points. When is the
integral

defined?
What values can the integral take if it is defined?

Solution:

a) (i) e#=i <= "W =i < =0 and y = 2kw + /2.
Since |2km+m/2| > 7/2, the integrand is analytic in |z] < 1 < 7/2. Therefore,

|z|=1
(ii) According to the lecture (maximum principle), f is constant, so f(z) = 4i.

b) The integral exists provided the curve does not pass through i or —i. The curve
is simply closed (without double points), so the points i and —i are not encircled
multiple times.

If the curve is positively oriented, the following four cases can occur:

(i) Neither of the points 4i is encircled by the curve. Then, by Cauchy’s integral
theorem,

I(C) =0
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(ii) The point —i is encircled by the curve, but not the point 7. Then,

I(C’):/Zi,dz:%ri[ Z} = omi =i
Z+1 2= Ulz=—y

c
(iii) The point ¢ is encircled by the curve, but not the point —i. Then,

z

I(C’):/md,z:%ri[ © } _sz’i—m'

zZ—1 ) 21

Z+1

(iv) Both points are encircled. Using partial fraction decomposition,
z 1 ( 1 N 1 )
241 2 \z4i z—i

1 1 1 1 1 1
10:7/ d 7/ dz = ~2mi+ ~2mi = 2mi
() 20 o Z+202—i 2z 27m+27rz %)

For a negatively oriented curve, the corresponding values are 0, —mi, —27i.
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Exercise 2: Determine the Laurent series for the following functions at the point of
expansion zg, which converges to f(—3/2) at the point z = —3/2..

a) f(z) :z3cos(i), 20=0,
241

b) f(2) = 5y 20=0,
3

C) f(z)_22+z_27 20 =1,
1 .

d) f(z) = , zo=141.

Solution hints for Exercise 2:

f(z) = 2°cos (1)

z

3<1 1 N 1 1 N ) ( 3 z+ 1 1 N )
= z - - — A R —
222 4lx4 626 2 4lz 6123

The function is analytic in 0 < |z] < co. The Laurent series is

f) =2+ ———+

L& (D s = (DM
=2 (2k) ~ = 2 G

P W (2 2K)!
b)
1) 2 +1 N —z+2+1 +1< 2 5 )
A = ——-- = _— = —_ -
224+ 2—2 (z+2)(z—1) 3\z—1 2z+2
The function is analytic everywhere in C except at the points z =1 and z = —2.

Therefore, we consider the function on the ring Ry : 1 < |z] < 2.

First, we determine the expansions of the individual terms:

1 1 1 1
|z > 1 : =—- c=oy = Y A
z—1 z 1—; Z =0 P
+2 2 1—(7) 2k:0 2k P 2
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Thus, we obtain the following expansion of the function f in the ring Ry, : 1 <

|z| < 2:
-1 0o —1 00
5 2 1 5, 1
flz)=1 + >k —Z R = D S 4> (=)
k=—o00 3 k=—o00 3 6 k=1 3 2
Alternative:
2241 2241 2241 1 1
224+ 2-2 (z+2)(z—1) 3 z—1 242
The function is analytic everywhere in C except at the points z =1 and z = —2.

Therefore, we consider the function on the ring Ry : 1 < |z] < 2.

First, we determine the expansions of the individual terms:

1 11 1 & !
>1:— =—" = — —k = k,
|Z’ z—1 z 1—% zkz:%Z k:z_:ooz
1 1 1 1 (—z)k 0 1\ A1 i
z+2 2 1—(—5) 2];) 2k ,;0 2

Thus, we obtain the following expansion of the function f in the ring Ry : 1 <

|z| < 2:
fe = (_z k+§_’f(-§)“k>

Combining terms gives

-4 (S e S A E () S (D))

k=—00 k=—o00 k=0

—_

1 1 k—1 1 k+1 1 1
=3 Z 227 + 2042+ Z[( 2) zk~|—<—2) z’“] —520%—1,21

k=—o00
1 - 1 5 SNV AN
= - |2 R 2 +245 (—) H.
3 k;ooz+2+42+ ,;2 2)
3 1 1
¢) f(z):22+z—2:z—1_z+27 =1
is analytic everywhere in C except at the points z =1 and z = —2. Therefore, we

consider the function on the ring R : 0 < |z — 1| < 3. Here,

zi22(2—1)+3:;'1_<1_2) i( Z_1>

Thus,
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1
(z —i)?
a Laurent series in the punctured disk 0 < |z — 29| < 1 and one in the annulus

d) The function f(z) = has an isolated singularity at z; = . There is

1 < |z—2z| . First, we develop ¢(z) = - in the outer annulus around zy = 141
— 1

PR 1 o 1
: T o2—i a—(A+i)+1  z—(141i) 1
S Ty
_ 1 — 1 * — —(k+1)
_z—(1+i),§) 2 —(144) kz_% —(1+9)

-1

= > ()" (-1 +a)

k=—o00

The desired series expansion is obtained by differentiating twice:

g'(z) = - o= > (D" h(z— (14

J'(2) = 2(2_1Z,)3 _ _i (=1 (k= 1) (2 = (1+9)F2  thus,
1 - k+1 k-2
— ik__m< D b= 1) (2 = (140)

— Z Dk +2)(k+1) (2 — (1 +14)F

kf—oo
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