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Exercise 1:

Let In(z) be the principal value for the complex logarithm. Given the following complex
numbers

Z1 :ﬂ(—1+l), 22:3i, zZ3 = —4q .

a) Calculate the cartesian representations for

Z4 = 21 R, 25 1= i, 26 ‘= 21 " 23, 27 = .

b) Calculate In(z), k=1,2,..,7.

c¢) Compare

In(zy - 2;) with In(z1) + In(2y,)
and

In(2) with In(z;) — In(zx) for k= 2,3.
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d) For what complex numbers do the rules for R apply:
In(a - b) = In(a) + In(b), In(%) = In(a) — In(b) ?

Solution:

a) Calculate the cartesian representations for

Zy =21 29 = V2(=141)-3i = 3v/2(—1—1i),

z V2(=14i .
= 2= Y2 V2] )

2 1= 210 23 = V2(=1+14) - (—4i) = 4V2(1 +1),
2y = A — V2(=14i) _ @(—1 — i),

23 —4i 4

b) It holds that In(z) = In(|z|) + iarg (z) while arg(z) € (—m, 7). One obtains:
2 =2e"T = In(z) = In(2) + i3

2 =3¢t = In(z) =In(3) + i3

z3=4e7"% = In(z3) = In(4) —iZ.

2 =22 = 66T =6e7"T = In(zy) = In(6) — %
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't = In(z5) =In(3) +4Z |
26 := 21 - 23 = 8e'1 = In(z) = In(8) + 7,
3

¢ = LeT T = In(z) = In(3) — 437

) — 2% #1In(z1) + In(z) = In(6) + 2T .
) +i% = In(z;) +In(z3).
n(2) +i% = In(z1) — In(2,).

(3) — 3% #In(z1) — In(z3) = In(3) + 2.
In(ey - ¢2) =In(cy1) + In(cp) is valid in C exactly when
—m < arg(cy) +arg (c2) < .

In(2) = In(c1) — In(c) is valid in C exactly when

—m < arg(c1) —arg(co) < .
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Exercise 2: Let the two sets D; and Dy be

Di={reR: —co< < —2}U{ZE(C:z:2ei¢,¢€}0,ﬂ[}u{$€ R:2< < o0},

and

Dy={zeR: —0o< z< —2}U{26C:z:26i¢,¢€}7r,27r[}u{a:€ R:2< < oo} .

2

Determine the images of D; and Dy for the mapping f(z) = — + %
z

On which of these sets Dy, Dy, Dy U Dy is f invertible?

Solution for exercise 2:

f is differentiable in C \ 0 with f'(z) = =% + 1.

It holds that f'(z) =0 <= z = £2.

Hence, f is monotone on the intervalls | — oo, —2] and [2,00].

lim f(Z) = —o0 and f(_2) =-2 = f(] _007_2]) :] _007_2]

Z—r—00

lim f(z) = oo and f(2) =2 = f([2,00]) = [2,00]

Z—00

7 et?
f(2e) = 55 + 5

= e ¥+ ¢ = 2cos(¢)

For ¢ €]0,7[ f(2¢*) passes through the intervall | — 2,2[ in mathematically positive
manner.

For ¢ €|m, 2| f(2¢*®) passes through the intervall | — 2,2[ in mathematically negative
manner.
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Hence f(Dl) = f(DQ) =R.
f isinvertible in D; and Dy but not in D; U Dy.

Exercise 3:

a) (i) How many solutions does the equation (z — 2i)!% = 210 have?

(ii) Show that all solutions for the equation from i) lie on the line Im (z) = 1.

b) How many solutions does the equation (2 — 2i)" = 2 have?

Solution:

a) (i) After subtracting 2! from both sides the roots of a polynomial of degree
nine in C need to be found. As a result, there are nine solutions (considerung
possible multiplicity).

(i)

(z =20 = 21 = |(z=2)" = Y] = |z —2i|" = ||

which means that z has the same distance from 2i and 0. z is located on the
bisector of the line between 0 and 2i. Hence, the solutions lie on the line

z=1x+1, r € R.

b) Solutions of (2 —2i)" = 2% :
Let w:= f(z) := 2'. Hence

w= 2" =exp(n(z))’ = exp(In(z)-i) = exp (@ In(|z]) + i arg (z))

So

jw| = e85 (), arg (w) = In(|z|) + 2kn for adequate k € Z.
If w:=(z—2i)" = 2' = w holds, we obtain
|w| = |w]|. So

em8(®) — pmare(#=2) — o (2) = arg(z — 2i) = z =iy,y € R\ [0,2]
Furthermore,
exp (i - In(|z|)) = exp (¢ - In(|z — 2i]))
has to hold. With k € Z:
2

>:2k7r:> ‘1—|:te“7r
Y

iy — 2

In(|z — 2i]) = In(|z|) + 2kr = ln(
vy

z=1y

For y < 0 or y > 2 the absolute value is not needed:

There are infinitely many solutions
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