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Excercise 1:

a) Rewrite these complex numbers into polar representation (z = re® ) and draw a
sketch of them in the complex plane.

20=—4, 2 =V8(—1—1), z=—4i, 2z3=+8(1—1i), 24 =4,
= (=), keN,.

b) Rewrite these complex numbers into cartesian representation (z = z + iy ).

LT p— - —137
zs =3€'s, zg=2e"70, zy=2""56

Solution hints for excercise 1:

a) zg= —4 = 4e™. since

r=v42+0% =4, cos(¢p) =—1,sin(¢) =0 = ¢ = 7 (+2kn),

7 =/8(=1—14) = 4e"1" since
r= (V8?2 + (VB)?2 = 4, cos(¢) =sin(p) = — LB = —B — §= T (+2kn),

29 = —41 = 4e'2 since

r=+02+42 =4, sin(¢) = —1,co8(¢) =0 = ¢ = =5 (+2kn),

23 = V8(1 —1i) = 4e'7 since
r= (V8P + (VB = 4, cos(g) = —sin(¢) = L — &= — (+2kn),

24 = 4 = 4e% since

r=+v42+0% =4, cos(¢p) =1, sin(¢) =0 = ¢ =0 (+2kmn),

Sketch : The points are aligned on a circle with radius 4 around the origin, starting
at -4 rotated by 7/4 (mathematically positive) until 4 is reached.

1=e¢ k=4, leZ

=e ' k=4+1, l€Z
—l=e™ k=414+2, lcZ
+i=¢%2 k=4+3. le€Z
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Sketch : The points are aligned on a circle with radius 1 around the origin, starting
at 1 rotated by 7/2 (mathematically negative)

b) 25 =3€'s = 3(cos() +isin(f)) =
=2¢'5 = 2(cos(F) + isin(ZF)) 2 (cos(%) —isin(f)) = V3 -1
2 == 25" = 2 (cos(= 2T) 4+ isin(=7)) = 2(cos(FF) +isin(F)) = z.

W

. 3\/§
"’Z'?.
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Excercise 2:

Let z1,...,2 be defined as in exercise 1. Calculate the Cartesian representations of the
following complex numbers.
Re (z1), Im (#), Re (z3), Im (z3), 2+ 23, 2 — 23,
_ _ Z
225 + /823, 21, Z1t 21, z1 22, (26) - (25)", zj :
6

Solution hints for excercise 2:

Re(z1) = Re (x/g(—l —z)) = V8. Im(z) = —V8.

Re(z) = Re (VB(1—-1i)) = V8.  Im(z) = —V8.

2 425 = —2/81. 2 — 23 = —24/8.

225+V8z = 2(5 + i+ 32)+VB(VB(1—i)) = (3+8)+i(3v/3-8) = 11+i(3v/3-8).
A= —VB84iV8 24 =4t AT =4-4.¢0 = |72 =42=16.

22 = 4T 46T = 16671 = 16677 = 16(cos(3T) + isin(3)) = 8v/2(—1 + i)

As an exception, the multiplication in cartesian representation is not costlier (calculation-
wise) compared to polar representation:

2129 = V8(—=1—1i) - (—4i) = 4v8(i +i?) = 8V/2(—1+1)

N\ 2 T 4 —2im s o4 ;
(26)2 - (25)" = (26'F) (3e'3) =22.3%. 70"+ = 4.81.¢/(F75) = 324e™ = —324.

Y:T
— — 3,i(5+F) — 3.5 — 3,
= —— = 5e"376) = fe'r = 2.

N
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Excercise 3:

Characterize these subsets of the complex plane by sketch or explanation:
M, = {z€C||z+4-3i| < 5},
My, = {z€C|lz—i|=|z—2—il},
My = {z€C|z+2z=2},

My = {0}uU {zeC\{0}|Re (i) :o}.
Solution for excercise 3:

a) M;j: circular disk with radius » = 5 und center M = —4 + 3i including the
boundary.

b) M,: distance z to i = distance z to 2+ i = perpendicular bisector between i
and 2+41.
which is the line {z +iy C : x = 1}.

c¢) Mjs: Re(z)=1: line parallel to the imaginary axis going through 1+40-7.

d) My: Re () =Re (£) =0

With z # 0 it follows that: Re (%) =0<+= 2°—9*=0
My consists of the two lines Re (z) = £Im (2).

alternatively: z =re’®, r #0.

Re (%) = Re ([ee_ifd)) = Re (e’%) =0 < €29 =4

Hence 2¢ = £% (+2kr ke Z)

= ¢p==x7 (2km kelZ)

Together with the origin, we again obtain the two straight lines Re (z) = £Im (z).
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Excercise 4: Describe the following subsets of the complex number plane using formulas
similar to those in task 3.

My : strip parallel to the imaginary axis with a width of 4, symmetric to zg = 1 + 7,
including the boundary.

Mg : circular disk around the origin with inner radius 1 and outer radius 3, without
boundary.

My circular disk (punctured disk) around the origin with inner radius 0 and outer radius
3, without boundary.

Mg : sector between the lines Re(z) = Im(z) and —Re(z) = Im(z) in the upper
half-space, without boundary.

Solution:

Ms;={2z€C|—-1<Re(z) <3},
Mg={z€C|1<|z] <3},

M; ={2z€C|0< |z| <3},

~ 3
M8:{Z€C|Z:T€Z¢,T>O,%<¢<Z7r}.
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