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Task 1) [5 points]

Let ¢ be the imaginary unit and R the rectangle

R;:{zé@]z:w+iy,x,y€R> \x!ﬁ

In(2) 1} |

<i
,\y!_Q

Determine the image of R under the mapping
f:C=C,  f(z2) =2 ¢™.
Make a sketch of the image or describe the image in words.

Solution to Task 1) [5 points]

Let f(z) = ™% — eﬂ'a:—i—iﬂy — ™. eiﬂ'y = )5 . eid

[2 points]
f(2) = 2¢'T f(2)
— fE =2 [f) € [L4] and arg(f(:)) = § +ars (7)) € [-5.°F].
Therefore,
f(R) = {wEC:lg |w] §4,—£ <arg(w) < 34}
[2 points]

Sketch or Description:

f(R) is an annular sector around the origin with an inner radius of 1 and an outer radius of
4, spanning from the bisector of the fourth quadrant to the bisector of the second quadrant.

[1 point]
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Task 2) [6 points]

a) Determine a Mobius transform

az+b

T:C—=C T(z):= 1 d

that satisfies

b) Which generalized circles in C are mapped onto straight lines by 77
¢) Determine the images of the following generalized circles under T from part a):

(i) K := real axis,
(i) K:={zeC||z—1=2},

(iii) K := imaginary axis.
Solution for 2) [6 points]

a)

T(3) =0, T(—1) = 00 <= T(z) = a(ZzJ:l?’)
T(0) = —6 = T(z) = 2;;16.

[1 point]

b) A generalized circle is mapped onto a straight line if and only if the point —1 is located
on that generalized circle.

[1 point]

c) (i) K=R
Due to the real coefficients and the given images of —1, 0, 3, we have T'(R) = R.
Alternative solution:

—1 € R <= T(R) is a straight line.

T(0) = -6, T(3) = 0 <= T(R) = R.

[1 point]
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(i)

(iii)

K={zecCl||lz-1]=2}

—1e K < T(K) = j is a straight line.
Due to the symmetry of R and K, we have §LT(R) = R.

3e K=T(@B3)=0€ej.
Therefore, § = iR, the imaginary axis.
[1 point]

K := imaginary axis.

—1 ¢ iR <= T(iR) is a genuine circle K.
iR symmetric to R = T(iR) is symmetric to T(R) = R. The center of the

image circle thus lies on the real axis.

Since T'(0) = —6 and T'(c0) = 2, the center of the image circle is M = —2 and
the radius R = 4.

[2 points]
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Task 3) [6 points]
Given
z+1

f&=miae

a) Determine and classify all isolated singularities of f.
b) Compute the residues of f at all isolated singularities.

¢) How many different Laurent series of f exist for the expansion point zy = 17 Specify
the rings in which the Laurent series converge to f.

d) Compute ¢, f(z)dz for k=1,2.

(i) Ci:1[0,27] — C, Ci(t) = 3 + 2¢™,
(i) Cy:[0,27] — C, Cy(t) = 2¢™.
Solution to Task 3)

a) 2°+ 322 =0<+= 2 € {0,-3}.

There is a double zero of the denominator at z; = 0 and a simple zero of the denomi-

nator at zo = —3. The numerator does not vanish at any of these points. Thus, there
is a pole of order 2 at z; = 0 and a pole of order 1 at zo = —3.
[1 point]

b) [2 points]

z4+1 -2
ReS(f, —3) = 22 L, = ?
z+ 1\’ z+3—2-1 2
es(f,0) (z—l—?))zo (2432 |, 9

¢) [1 point]

There are three Laurent series, in the rings:

Ri:|z—1|<1, Ry:1<|z—1]<4, Rs:4<]|z—1]

d) (i) $¢, f(2)dz =0 (Cauchy’s Integral Theorem) [1 point]

(i), /(=) dz = 2mi Res(f, 0) =

—0 |1 int
™. [1 point]
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Task 4) [3 points]

Given the function p;

1-2

fiC\{1} =T, f(z):=

and the curve

c:[0,=] = C, c(t)=1+ 2"

|5

Compute the curve integral

I :/Cf(z) dz.

Solution to Task 4) [3 points]

c(t) = 2ie™,  fle(t) = HE = —L(e + 2¢%).
2, 1 . A A s ‘
= b ey [
0 0
1., 2 ..%2 1 . 92
_ {262115 + 363“]02 — _§(ew _ 60) + g(613’7 _ 60)



