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Complex functions for Engineering Students

Solutions of Exercise class 6

Exercise 1:

Compute, if possible with the help of Cauchy’s integral formula, the following curve
integrals (let all occurring curves be positively oriented):

1 2241 COS 2
2) 7{22+4dz, b) %z—l—ldz’ c) 7{ (z+z’)2dz’

|z|=1 |z|=2 |z+i|=1
a) 7{ it Inz J ) 7{ CoS 2 J f) 7{ cosh z d
sin z zZ, e z ——dz.
(z—2)2 7’ 23 ’ (z —im)®
|z—2|=1 |z+i|=2 |z|=4
Solution:
Im(z)
a) The singularities 2,5 = +2i do not lie o

on the circumference |z| =1.

Cauchy’s integral theorem: B - I / :

dz =0 L
7{ 2244 : N

|z]=1
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b)

The singularity z; = —1 lies on the
circumference |z| =2.

Cauchy’s integral formula:

2
1
j{ Zz:l dz =2mi((—=1)2+1) = 4mi
|z|=2

The singularity z; = —¢ lies on the cir-
cumference |z 4| =1.

Generalized Cauchy’s integral formula:

cos z 271 ,
f m dz = T (COS Z) |Z:—i
|z+i|=1

Lo i i _
= 2misini = 2miS—— =mw (e ' —e)

The singularity z; = 2 of the second
addend in the integrand lies in the cir-
cumference |z —2| =1.

Cauchy’s integral theorem and genera-
lized Cauchy’s integral formula:

Inz

Sil’lZ + m dZ
|z—2|=1
In 2z
- 2y
j{ (z —2)2 :
|z—2]=1

=2miln’ 2|, = mi
z

2
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e)

The singularity z; = 0 lies on the cir-
cumference |z 41| = 2.

Generalized Cauchy’s integral formula:

1
j{ cosz o _ 2m,(cosz)

23 21

. z=0
|z+i]|=2

-7l

The singularity z; = ¢7 lies on the cir-
cumference |z| =4.

Generalized Cauchy’s integral formula:

7{ cosh z J
(z —im)® :

|2|=4
_ 2mi (cosh )| _..
4!
_ micoshim  micosT
1212
e
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Im(z)
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Exercise 2:
Indicate all the power series expansions of the function

5z

& =26

at the development point zy = ¢. Where do the series converge in each case?

Solution:

Factorization of the denominator 22+ 2z —6 = (2 —2)(z +3) yields the singularities

of the function at z; =2 and 2, = —3. A partial fraction decomposition returns:
5z 3 2
(z) = 242—-6 z+3+z—2'

In view of the position of the development point at zy = ¢ and of the two singularities
z1 =2 and zo = —3, one can deduce that there will be a Taylor series expansion in
the disk |z —i| < /5, a Laurent series expansion in the circular ring v/5 < |z —i| <
v/10 and a different Laurent series expansion in the external space v/10 < |z — i].

Re(z)

Bild 2: Convergence domains of the Laurent series expansion around zy =1

With the help of the sum formula of the geometric series in the corresponding conver-
gence domains, the partial fractions can be represented by power series expansions:
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- 2 2 2 1
Z—1 . — e .
z2—2 2+4i+(z—i) 240 1—(2—14)/(2—1)
2 = (z—)" = =2 o
_—2+in:0(2—i)”_;(Q—i)"JFl(Z_Z)
2 2 2 1

2 =il > V5 2-2  24i+(z—4) z—i 1-(2-0)/(z—1)

L2 &)« 2 o
STl 2 gmgmte

3 3 3 !
— 10 = - '
[z =il < V10 0 —= 3+it+(z—1) 3+i 1+(2—i)/(3+i)
3 (—1>” N )"
= 3+Z 2 (3—|—Z nz: n+1 1)
3 3 3 !
—i 10 : = - '
z=il> V10 s = 3+z’+(z—i) z—i 1+ @3+10)/(z—1)
i": 3—|—z B 21: ;(2_2)”
—il (z— i) _n:_oo (=3 —q)n+t

|z —i| <5 :

Taylor series with convergence in the disk

Cp——— i( St ) -

J

Secondary part

VB < |z —i| < V10 :

Laurent series with convergence in the circular ring

fe) = L=Zﬁ +Z _Znﬂ —i)"

z—|—3+z—2

n—=—oo
N S

Principal part Secondary part

Laurent series with convergence in the outer ring /10 < |z — 4| :

3 2 - 2 3 .
&) = 3T _nzzoo<(2—@')n+1+(—3—¢)n+1)(2_1) |

Principal part

Dates of classes: 19.6.- 23.6.



