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Exercise 1:

From the lecture we know d’Alembert’s formula

(z,t) = ; (g(x +ct) + g(x — ct)) + 210 /jm h(«a) da

for solving the initial value problem for the (homogeneous) wave equation

att - 02{)/93% = 07 ﬁ(fL’,O) = g('x)u at(xao) = h(l‘), YIS R7 ¢ > 0.

The function

1 t  rr—c(t—t)
1 1
iat) = o [ f iy ST duds (1)

solves the following initial value problem

gy — Clige = f(m,1) @(z,0) = G (x,0) = 0. (2)

(Proof: Leibniz formula for the derivation of parameter-dependent integrals)

Now we consider the initial value problem
Uy — 4y, = 6x8int, reR,t>0

u(z,0) = x, z € R, u(z,0) = sin(z), x € R (3)

a) Compute a solution @ to the IVP
DT — rER, >0
W(z,0) = z, z € R, U(x,0) = sin(x), z € R.
b) Compute a solution % to the IVP
Uy — AUy, = 6xsint, reR, t>0

w(z,0) = 0, x € R, u(z,0) = 0,z € R
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¢) By inserting u into the differential equation and checking the initial values, show that
u = u+ 4 solves the initial value problem (3).

Solution:

a) Solution of the homogeneous differential equation with the non-homogeneous initial
values following d’Alembert’s formula

1 1 ja+2t 1
(z,t) = 5 (x 42t 4+ —2t)+ 1 /x_Qt sin(n)dn = = + 5 sin(x) sin(2t)

b) Solution of the non-homogeneous differential equation with homogeneous initial values

1t re—2r—t) t o 2(r—
u(x,t) = 1 /0 /x+2 T_t 6w sin(7) dwdr = i/o sin(7) [wﬂﬁié_ii dr
=1 / sin(7) (=8z(1 — t)dr = 6:10/ tsin(r) — 7sin(r)dr
t

= 62t(1 — cos(t)) + 62 [r cos(7)]; — 6 /0 cos(7)dr = 6z(t — sint) .

¢) The solution of the original problem is the sum of the two partial solutions:
. . .
u(z,t) = 6z(t —sint) + x + 5 sin(x) sin(2t)

Test:
1
u(z,0) = 6x(0 —sin(0)) + = + 5 sin(z) sin(0) = =,

t)

x,t) = 6x(l — cos(t)) + 0+ ; sin(x)2 cos(2t) = 6x(1 — cos(t)) + sin(x) cos(2t)
u(z,0) = 62(1 — cos(0)) + sin(z) cos(0) = sin(x)

w(

1
Uy = 0+ 0 — 3 sin(z) sin(2t) (since the first two summands of w are linear in =z,

one only has to derive the sine term twice).

uy = 6xsint — 2) sin(z) sin(2t)

Uy — Ay, = 6 sint — 2 sin(z) sin(2t) — 4 - (-3 sin(z)sin(2t)) = 6z sint.
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Exercise 2: (Vibrating String)

Solve the initial boundary value problem

Uy =  ClUgy for 0<z<1, t>0,
u(0,t) = wu(l,t) =0 for t>0,
u(z,0) = 0 for 0<uz<1,
1, Ld<z<i
w(e,0) = 0 WL
0 else

Hint: Lecture page 150.

You will receive a series as a solution. Plot the partial sums of the first 20 non-vanishing
summands of this series for ¢ =2, z € [0,1],¢ € [0,0.4] and ¢t € [0,2].

Solution:

From the lecture (page 150) we know

= T.

Z (A, cos(ckwt) + By sin(ckwt)) - sin(kwx), w= %

Also the initial conditions have to be fulfilled. The first one for n — oo yields

Z (Ag cos(0) + By sin(0)) - sin(kwz) = Y Agsin(krz) =0  z € [0,1].

k=1
So we obtain Ay =0, Vk € N.
The second initial condition is:
= . L, s<a<g
w(x,0) =Y cknBy - sin(kmz) = vo(x) = 20 10 z € 10,1].
=1 0 else

We compute the Fourier coefficients of the odd, 2-periodic continuation of vy :

2 km km
b, = 2 / vo(z) sin(kmx)dx = 2/ sin(kmx)dr = - [cos (20> — oS (mﬂ

b
With B, = —" we have
ckm

u(z,t) = 672'['2 Z /32 [cos (Zg) — cos <l;g>1 sin(ckmt) - sin(kmx)
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