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Exercise 1:

a) Solve the initial value problem

Ut = Ugg, on R2 y
u(z,0) = 2sin(drz) x €R,
u(z,0) = cos(mx) reR.

b) Consider the problem

Uy = Ny, forxeR, t>0,

(0.0) =)=~ ST=EL
u(x,0) = up(x) =
0 0 otherwise,
uy(x,0) = 0.
Sketch the solution obtained by d’Alembert’s formula for

t=0, 1.

D=
ol
SN

Solution:

a) Using d’Alembert we have

u(x,t) = sin (4n(x +t)) + sin (dn(x —t)) + 210 /::Lt cos(mn)dn
sin(mn) |7

= 2sin(4rz) cos(4nt) +
2m

r—t

= 2sin(4nx) cos(4nt) + 217r (sin (m(x 4+ t)) — sin (7(z — 1))

= 2sin(4mx) cos(4nt) + 71r (cos (mx) - sin (7t)) .
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1
b) d’Alembert’s formula yields u(z,t) = 5 (uo(z + 3t) + up(z — 3t)) with

2 —1-3t<z<1-3t
uo(r + 3t) = { == ’ and
0 else
2 —14+3t<z<1+3t
uo(x—3t):{ totsws 4t
0 else.
So we obtain for —1+3t§1—3t<:>t§%
0 z<—1-3t,
1 —1-3t<z<-1+3t
u(r,t) =42 —1+3t<z<1-3t
1 1-3t<az<1+3t,
0 1+3t<uz.

For t =1/6 :

x—=3t=x—-05¢€[-1,1] <= z € [-0.5,1.5] and
r+3t=x+05¢€[-1,1] <= 2z €[-1.5/0.5].

The solution for ¢ = L

wl

<
—~
=
~
|
S = N = O

For t>% we have 1 — 3t < -1+ 3t

0
1
0
1
0

r < —1.5,
—1.5<x < —0.5,
—0.0 <z <0.5,
0.5 <x<1.5,
1.5 < x.

S = N = O

is calculated analogously.

T < =2,
—2<x <0,
0<x<0,
0<z <2,
2 <.

and

r < —1-—3t,
—1-3t<r<1-—3t,
1-3t<z < -1+ 3¢,
—1+3t <z <1+ 3¢,
1+3t <.
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Hence

and

u(z, 1) =

S = O = O

S = O = O

T < —3,
—3<z< -1,
-1 <2<,
1<z <3,

3 < x.

r < —4,
—4<z< -2
—2<x <2,
2 <x <4,

4 < x.

The original (angular) wave clearly breaks up into two waves running in opposite

directions.

al

3l

t=1/6

=213
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Exercise 2:

We are looking for an approximation of the solution to the following problem

Ut = Ugy 336(0,277'),t>0,
T
0<z<—
x T <5
(2,0) T <37r
=T—x —<zr<—
u(z, ?2) 5
r —2m §<x<277
u(z,0) =0 x € (0,2m)
u(0,t) = u(2m,t) = 0 t>0

Sketch the 2 -periodic continuation of the initial data for = € [—2m,47].

Determine an approximation @ to the solution u of the problem using the first three terms
of the Fourier series.

Check which boundary and initial conditions are already fulfilled by this approximate solu-
tion.

Solution:

General solution:

u(zx,t) = f: (A, cos(ckwt) + By sin(ckwt)) - sin(kwx)

% = Z and ¢=1. Hence

With w = o

u(z,t) = i (Ak cos(l; t) + By sin(]; t)) -sin(]; x)

k=1 2
0o
=2,

k k
5 (— A sin(0) + By cos(0)) -sin(§ ) = 0= B,=0,Vk
k=1
> k k
t) = > Agcos(zt)sin(- x)
k=1 2 2
x O<zr< <
! T 3T
with u(x,0) ZAKsm =({T—2 ?2)<x<2
7r
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So we have:

2w
Ay = / up () sin( )d:c
0

A= 3|

w/2 3r/2 k 2m k
[/ xsin(= z)dr + / (m—x) sin(§x) dx + (x —2m) sin(ga:) dx
0
cos

/2 3r/2

5 /2 9 k
+ /0 %cos(gsc) dx

A=
w\w

8 .k . Ok
= <81n(4) - sm(4)> :

The first three coefficients are the following

A = i (sin(Z) - sin(if)) =0,
Ay = éir (sin(g) — sin(327r)> = :
Az = 9877 (sin(gj) - sin(gz)) =

The approximation using the first three terms is given by

4
(z,t) = ug(z,t) = — cos(t) sin(x).
T
4
We have us(x,0) = — sin(x).
T
The first initial condition for u is hence only approximately fulfilled (see plot). The second
initial condition is fulfilled as well as the boundary conditions.

Regarding the boundary conditions, any other outcome would have been a sure indication
of a calculation error!
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25-
- =:u(x,0)

———:u (x,0)
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Exercise 3:

Consider the initial boundary value problem

Uy — Ay = €7¢ (1—§> z € (0,3),t>0,
u(z,0) = 1+ 2sin(mx) z € 0, 3],

w(z,0) = g z € (0,3), (1)
uw(0,t) = e * t>0,

u(3,t) =1 t > 0.

Introduce a suitable function v in order to convert the problem into an initial boundary
value problem with homogeneous boundary conditions for v.

Give the differential equation and the initial conditions for v .
Solution:
With v =u —e™ — g(l —e7") it holds

x T
=), up=vg et (1—%), Uy = Upy.
3) tt tt ( 3)

Inserting this into the differential equation we obtain:

u =v, —e H(1—

v+ et(1 — g) — oy, = e M1 — g) = vy — dvg, = 0.

Initial and boundary values for v:

X

v(z,0) = u(x,0) — €° 3(1 —€%) = 1+ 2sin(rx) — 1 = 2sin(rz),

ve(z,0) = uy(z,0) + e — g ¥ =1,

v(0,t) = v(3,t) = 0.
Discussion: 07.07.-10.07.2025



