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Exercise 1:

Using a suitable product ansatz, solve the following Dirichlet boundary value problem for
the Laplace equation on the circle 2 = 22 + 4% < 9.

72Uy + Uy + Upy = 0 0<r<3
u(3, ¢) = cos*(yp) p €R.

Hints:

e See lecture pages 85-88.

o To solve Euler’s equation
r2 - w"(r) +ar-w'(r) +b-w(r) = 0 use the ansatz w(r) = r*.

1
o It holds: cos®(p) = 3 (1 + cos(2¢) ) .

Solution :

By inserting the product ansatz: u = w(r) - v(yp) into the Laplace equation in polar coordi-
nates we obtain
Uy + TU, Uy, = 0
2,1 /
riw” + rw v
rw' +rwvduw’ =0 = ————— = — — =\
w v

The solutions of v”/v = —\ depend on the sign of A (see lecture page 88), but only 27—
periodic solutions are possible here:

vi(p) = c1 cos(ke) + co sin(ke), A=k keNg
For w we have to solve the (Euler’s) differential equation

r2w” +rw' — kKw=0

E=0: r?w”(r) + rw'(r) =0  we obtain for g :=w’
d d d
Tg’(r)—i—g(r):()<:)7"-d—i=— jz—:

_ b

. = | wo= ag+byln(r).

w =g
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k # 0: Euler ODE.: r?w"(r) + rw'(r) — kK*w =0

Substitution r = e’ or the ansatz w(r) =17 gives
_kQ.r'\/_i_r./y.r'Y_l_i_rQ.f}/.(f)/_l).r'y_z:0
= 1 (kP4 y+92—9)=0 <= y=+k

and hence wi(r) = apr® + bprk

Since the solution should be defined in a circle around zero, i.e. it should remain bounded,
the negative powers and the In— terms are not suitable here.

Altogether we get the solutions:
uo(r, @) = co,  ur(r, @) = (cx cos(kyp) + dy.sin(kep)) r*, k € N.

Each linear combination of these solutions is again a solution of the PDE:

u(r, o) = ag + zm: (ci cos(kp) + dy, sin(kp)) ¥ .

u(3,p) = ap + i (ci cos(kep) + dy sin(kg)) 3*

(14 cos(2¢) ) .

N =

— cos”(ip) =

A comparison of coefficients results in
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Exercise 2:

a) Using a product ansatz, derive a series representation for the solution of the following
Neumann problem.

U = Ugy, O<zx<l1,t>0,
u(z,0) = g(x), 0<z<l,
u(0,8) = wu(1,t)=0 t>0.

b) Solve the initial boundary value problem a) with g(x) = 3 + 4 cos(27x) .
Solution:
a) The ansatz u(z,t) = v(x) - w(t) yields:
V' =—-Av, w=- w, (0)='(1)=0.
Case distinction under the condition that the solution does not vanish:
A=0=v(x)=ap+byx, vVV=0b=0
= wup(z) = ao .
A< 0= v(z) =aeV " 4 be VN

— (u=0)V (" =eV <= A=0) Contradiction!

So overall we get
vi(z) = cos(kmx), keNy.

One can easily calculate for the time component
wk(t) = €_k2ﬂ2t, k€ NO .
Hence as a series representation for the solution we obtain
Qo - —k2n2t
u(x,t) = 5 > age cos(kmz) .
k=1
To fulfill:

+ > agcos(krz).
k=1

u(z,0) = %

To determine the coefficients for general data, the data is continued evenly and 2— periodically
and the Fourier coefficients are determined

ar = 2 / ) cos(kmx) dx .

More on this on sheets 6.
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b) For g(z) =1+ cos(2mz) one reads from the condition

Qo

5 + Y ay cos(kmx) = 3 + 4 cos(2mx)

k=1

u(z,0) =
directly that with the choice ag = 6, as = 4, ap = 0 otherwise,
the solution
u(z,t) = % + ae P cos(2mx) = 3+ 4e ™ cos(2m)

is obtained for the initial boundary value problem.
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