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Exercise 1:
Using a suitable product ansatz, solve the following Dirichlet boundary value problem for
the Laplace equation on the circle r2 = x2 + y2 ≤ 9 .

r2urr + rur + uφφ = 0 0 ≤ r < 3
u(3, φ) = cos2(φ) φ ∈ R.

Hints:

• See lecture pages 85-88.

• To solve Euler’s equation
r2 · w′′(r) + ar · w′(r) + b · w(r) = 0 use the ansatz w(r) = rk .

• It holds: cos2(φ) = 1
2 (1 + cos(2φ) ) .

Solution :
By inserting the product ansatz: u = w(r) · v(φ) into the Laplace equation in polar coordi-
nates we obtain

r2urr + rur + uφφ = 0

r2w′′v + rw′v + wv′′ = 0 =⇒ r2w′′ + rw′

w
= − v′′

v
= λ

The solutions of v′′/v = −λ depend on the sign of λ (see lecture page 88), but only 2π –
periodic solutions are possible here:

vk(φ) = c1 cos(kφ) + c2 sin(kφ), λ = k2 k ∈ N0

For w we have to solve the (Euler’s) differential equation

r2w′′ + rw′ − k2w = 0

k = 0 : r2w′′(r) + rw′(r) = 0 we obtain for g := w′

rg′(r) + g(r) = 0 ⇐⇒ r · dg

dr
= −g ⇐⇒ dg

g
= −dr

r

w′ = g = d0

r
=⇒ w0 = a0 + b0 ln(r) .
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k ̸= 0 : Euler ODE.: r2w′′(r) + rw′(r) − k2w = 0
Substitution r = et or the ansatz w(r) = rγ gives
−k2 · rγ + r · γ · rγ−1 + r2 · γ · (γ − 1) · rγ−2 = 0
⇐⇒ rγ (−k2 + γ + γ2 − γ) = 0 ⇐⇒ γ = ±k

and hence wk(r) = akr−k + bkrk

Since the solution should be defined in a circle around zero, i.e. it should remain bounded,
the negative powers and the ln – terms are not suitable here.
Altogether we get the solutions:
u0(r, ϕ) = c0, uk(r, ϕ) = (ck cos(kφ) + dk sin(kφ)) rk, k ∈ N .
Each linear combination of these solutions is again a solution of the PDE:

u(r, φ) = a0 +
m∑

k=1
(ck cos(kφ) + dk sin(kφ)) rk .

The boundary condition reads

u(3, φ) = a0 +
m∑

k=1
(ck cos(kφ) + dk sin(kφ)) 3k

= cos2(φ) = 1
2 (1 + cos(2φ) ) .

A comparison of coefficients results in

u(r, φ) = 1
2 + r2

18 cos(2φ) .
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Exercise 2:

a) Using a product ansatz, derive a series representation for the solution of the following
Neumann problem.

ut = uxx, 0 < x < 1, t > 0,
u(x, 0) = g(x), 0 < x < 1,
ux(0, t) = ux(1, t) = 0 t > 0.

b) Solve the initial boundary value problem a) with g(x) = 3 + 4 cos(2πx) .

Solution:

a) The ansatz u(x, t) = v(x) · w(t) yields:
v′′ = −λ v, ẇ = −λw, v′(0) = v′(1) = 0 .
Case distinction under the condition that the solution does not vanish:

λ = 0 =⇒ v(x) = a0 + b0x, v′ = b0 = 0
=⇒ v0(x) = a0 .

λ < 0 =⇒ v(x) = ae
√

−λx + be−
√

−λx

v′(0) = 0 ⇐⇒ a = b

v′(1) = 0 ⇐⇒ a
√

−λ(e
√

−λ − e−
√

−λ) = 0
⇐⇒ (u ≡ 0) ∨ (e

√
λ = e−

√
λ ⇐⇒ λ = 0) Contradiction!

λ > 0 =⇒ v(x) = a cos(
√

λ x) + b sin(
√

λ x)
v′(x) = (

√
λ)(−a sin(

√
λ x) + b cos(

√
λ x)

v′(0) = 0 ⇐⇒ b = 0
v′(1) = 0 ⇐⇒ (u ≡ 0) ∨ (sin(

√
λ) = 0 ⇐⇒ λk = k2π2).

So overall we get
vk(x) = cos(kπx), k ∈ N0 .

One can easily calculate for the time component

wk(t) = e−k2π2t, k ∈ N0 .

Hence as a series representation for the solution we obtain

u(x, t) = a0

2 +
∞∑

k=1
ake−k2π2t cos(kπx) .

To fulfill:
u(x, 0) = a0

2 +
∞∑

k=1
ak cos(kπx) .

To determine the coefficients for general data, the data is continued evenly and 2− periodically
and the Fourier coefficients are determined

ak = 2
∫ 1

0
g(x) cos(kπx) dx .

More on this on sheets 6.
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b) For g(x) = 1 + cos(2πx) one reads from the condition

u(x, 0) = a0

2 +
∞∑

k=1
ak cos(kπx) != 3 + 4 cos(2πx)

directly that with the choice a0 = 6, a2 = 4, ak = 0 otherwise,
the solution

u(x, t) = a0

2 + a2e
−22π2t cos(2πx) = 3 + 4e−4π2t cos(2πx)

is obtained for the initial boundary value problem.
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