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Exercise 1: See Lecture pages 47-53

Consider the initial value problem

Upy — SUgy — duy = 0 forz €R, t € RT
u(z,0) =0 forxzeR,
u(z,0) = 2z¢* forx € R.

a) Rewrite the PDE in matrix form.

b) Carry out the substitution « = z + i, i = x —t and give the PDE in matrix
notation for v(a,pu) := u(z,t).

¢) Solve the PDE for u by first solving the PDE for v and transforming back afterwards.

d) Determine the solution w for the initial value problem.

Solution:

a) Matrix form: (VT AV)u+ (b"V)u+cu=h.
Here the Matrix form of the PDE is

_3
(VIAV)u = V7 (_13 —i) V-u=0
2

1
b) With ST := G _41> we obtain the following PDE for v

VI 8TA SV, v=0.

here STAS = (1 i 1 =3
where = 1 —1 _% _1

Hence the PDE for v is

0 2
VE,STASVv=(Z, 81)(25 8)(
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¢) Solution of the transformed PDE:
From (v,), = 0 it follows that v, does not depend on s .
fda
v(a, pla = ¢la) = vla,p) = (@) + x (1)
and

u(x,t) = v(a,pu) = ®(x + i) + x(z —1t)

with sufficiently smooth functions ® and y.

d) From the initial data we obtain two conditions

u(z,0) = ®(z) + x(z) =0 and

1
u(z,0) = Z@'(a:) —X'(z) = 226",
From the first equation we obtain
x(z) = —®(x)

and thus the second equation reads

1, / i —z? ’ _ 4 —z?
Z(I)(x)+d>(x)—2xe (z)@(x)—g(er )

Integration delivers

4 -

(@) = B(2) = —pe

The solution to the initial value problem is therefore given by

t 4 . 4
u(w,t) = B(x+ )+ x(w — 1) = —oe @ 4 el
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Exercise 2: Hint: See lecture page 60 and 65.

a) Let «a be a fixed real number from R\ {0} . For which real-valued functions ¢g : R — R
are the following functions harmonic in R??

i) a(r,y) = cos(ax) - g(y), i) u(z,y) = 3 (2° +g(x) - y*).

b) Let Q:= {(x, YT eR?: 22+ < 16} and u be the solution of the boundary value

problem
2

2y
Au(z,y) =0 in Y) = o0.
u(z,y) in u(zx,y) R on
Determine the value of u in the origin.

 Use polar coordinates and the mean value property (lecture page 65).

1 — cos(2¢p)

« Note: sin?(p) = —

Solution:
a) i) Ad(z,y) = —a?cos(ax)g(y) + cos(ax) - ¢"(y) =0,  Vr,y € R
!
= ¢"(y) —a?g(y) = 0.
This is an ODE with characteristic polynomial P(\) = A\? — o
and the general solution ¢(y) = kie™ + koe® .
@ is harmonic in R? if and only if

9y) = ke + ke ky € R

i) Au(x,y) = A(% (23 + g(x) - )) =0, Ve, y € R

2
— 1. (62 + ¢"(2)y* + 29(z)) =0, V,r,y € R
= ¢"’(x) = 0 and 6x +2¢(x) =0 = g(z) = —3zx.

|

@ is harmonic in R? if and only if g(x) = —3z.
b) Let K, be the edge of the disk with radius 4 around zero and
c(t) = (4dcos(t), 4sin(t)), t €10, 27|

a parameterization of K. Using the mean value theorem one obtains

1 2y° 1 2 2 - 16 sin?(t)
d(z,y) = — / e dt
2w -4 Jr, x% + 12 (z,y) 8t Jo  16cos?(t) + 16sin2(t) [e(@)]]

1

G

u(0,0) =

/02Tr(1—cos(2t))-4dt _ 1
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Exercise 3: Hint: Lecture pages 61-64 and 69

a) Let
Qo ={(z,y)" €R? : 1<2®+y* <4}

Determine the solutions of

Au=0 on Qy,
u(z,y) =1 for ?+y? =1,
u(z,y) =3 for 2+ y? =4.

Is the solution unique?

b) Let
Q3= {(z,y,2)" €R® : 1<a®+y+2° <4},
Determine the solutions of

Au =0 on Qs,
u(x,y,z) =1 for 24yt +22 =1,
u(z,y,2) =3  for  224+9y?>+22=4.

Is the solution unique?

Solution:

According to lecture pages 63/64, every rotationally symmetrical harmonic function on R™\
{0} can be represented as

u(z)=ad®(x)+c, a,ceR

by using the fundamental solution ®(x).
(a) Since (0,0)T ¢ Q,, using
1
B(z,y) = 5 In(|(z, ) 2

u(z,y) = —%ln <\/x2 +y2> + +ec.

The boundary values require

we obtain

u(z,y) =1 for 2+ y? =1,
u(z,y) =3 for 2+ y? =4.
From the first boundary value we obtain
L) fe=c=1
and therefore the second boundary value gives

a ! 7r

u(z,y) = ln?Z) In (\/xQ + y2> + 1.

The uniqueness follows from the maximium principle (see page 69 of the lecture).

i.e.,
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« Analogous to part a), the lecture provides
u(z,y, 2) = a®(z,y,2) + ¢, a,c € R,

with fundamental solution

1
) =—— 5L
(Q?,y,Z) 47_(_H(x>ya Z)H2
The boundary values give the conditions

%—'—C:l, giﬂ—i—C:?) = a = —16m,

i.e.

4
wey2) == T

The uniqueness again follows from the maximum principle.

Discussion: 09.06.- 13.06.2025



