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Initial Boundary Value Problem for the Heat Equation

We want to solve

Ur — Cly = h(x,t), c>0,t>0,x€(a,b), here (0,L),
u(x,0) = wp(x), x € (a, b),
u(a,t) = f(t), t>0,
u(b,t) = g(t), t>0.

c: Diffusion coefficient/ heat conduction



Homogeneous Heat Equation
with homogeneous BV and inhomogeneous IV

Ve — cihe =0, c>0,t>0,xe(0,L), L>0,
7(x,0) = w(x), x € (0,L),
7(0,t) = ¥(L, t) =0, t>0.

Vo is nonzero, that is, V is nonzero!
» Ansatz: ¥(x,t) = q(t) - p(x)
» Insertion into PDE gives  ¢§(t) - p(x) — c-q(t)-p"’(x) =0
> Reorder:

it _ _p')

q(t) p(x)




Homogeneous Heat Equation

First: p”"(x) = — A+ p(x) (compare lecture notes pages 85-88)
7(0.1) = q(1) - p(0) = 0 = p(0) =

V(L. t) = q(t) - p(L) = 0 = p(L) =

DE: p” + A-p =0 — Characteristic polynomial: u?>+ X =0
p=+v—X\ —> general solution aeV=* 4 pe=V=Ax

Except for double roots! Here A =0

A=0=p(x) = aoemx—l—boxemx = ap + box,
p(0) = 0 = a9 = 0
p(L):0:>b0~L:0



Homogeneous Heat Equation

A< 0= p(x)=aeV M4 pe VM
p(0) =0 = ae® + be’ = 0

p(L) =0 = aeV > 4 pe VA =0

A>0=p(x) = deV = 4 hem VM
p(x) = 4elV 2 4 he VX

Real representation: p(x) = acos(VA x) + bsin(v/Ax)
p(0) =0 = acos(0) + bsin(0) = a = 0
p(L) =0 = bsin(VAL) =0

So nontrivial solutions exist only for:

2
A,,z(%) = n*w?, neN w=

~I=




Homogeneous Heat Equation

2
)\n:(n—ﬂ) = nw?, neN,w:%

Corresponding solutions: | p,(x) = sin (nwx) = sin (%X)

We solve the second DE with these A—values

nlt) _ i)

qn(t) pn(x)

= —c Ay <= Gn(t) = — cAnga(t)

= gn(t) = e—Chnt _ g—cu’n’t

Each function | #,(t) = pa(x) - gn(t) = sin (nwx) e—cwinit

fulfills the homogeneous DE and the homogeneous boundary values!



Homogeneous Heat Equation

Each linear combination a,V, + oV, fulfills the homogeneous DE and
the homogeneous boundary values.

Proof: On the boundary it holds
(anVn + amVm) (0) = apy - ¥,(0) + ay - Vn(0) =
(@nVn 4+ amVUm) (L) = ap - Vn(L) + am - V(L) =

Differential equation:

(nVn + 0mVm), — € (nVn + mVm),,
= 0p- (Vn)t +am- (Gm)t - Can(\';n)xx - Cam(‘l;m)xx
= Qjp ((Vn)t - C(Vn)xx) +an ((‘7m)t - C(Vm)xx)

Question: Are linear combinations of solutions of inhomogeneous
differential equations and/or inhomogeneous boundary values also
solutions?



Homogeneous Heat Equation

Each finite linear combination

v(x,t)y=>"m, ane "t sin (nwx) w=T7T
solves the DE and fulfills the boundary values.
Also the initial condition has to be fulfilled:
7(x,0) = Z ane " Osin (nwx) = vo(x) x € (0,L)
n=1
So ¥(x,0) = > ap - sin (nwx) = vo(x) x € (0,L)

This only holds for particular vg.

Idea for arbitrary vo: Consider the series (co instead of m) and choose:
a, as Fourier coefficients of the odd, 2L-periodic continuation of vy. (See
next auditorium exercise). Here: particular vp.



Inhomogeneous Heat Equation
with inhomogeneous BV and IV

Ur — Clxx = h(x,t), c>0,t>0,x¢€(ab), here (0,L),
u(x,0) = wp(x), x € (a, b),
u(a, t) = f(t), t>0,

u(b, t) = g(t), t>0



Inhomogeneous Heat Equation
with inhomogeneous BV and IV

Ur — Clxx = h(x,t), c>0,t>0,x¢€(ab), here (0,L),
u(x,0) = wup(x), x € (a, b),
u(a, t) = f(t), t>0,
u(b, t) = g(t), t>0

Method:

1. Homogenization (of the boundary values)
2. Solving the homogenized problem

3. Determine original solution



Inhomogeneous Heat Equation
1. Homogenization of the boundary values

Homogenization

vix,8) == u(x, t) = [F() + T (g(e) = £(2)]
v(0,) = u(0, 1) — (£) — | (g(t) — £(£)

WL 1) = (L, t) — F(8) — | (8(8) — (1)

New DE for v:

u(x,1) = vix, 1) + F(1) + 7 (g(t) — F(1))
ue(x, 1) = ve(x, £) + F(£) + T (&(1) = F(1))
e, ) = i, 8) + 0+ 1 (8(2) — F(1))

U (X, 1) = vix(X, t)



Inhomogeneous Heat Equation
1. Homogenization of the boundary values

Homogenized problem

Vi — Vi = h(x,t), c>0,t>0,x€(0,L),
v(x,0) = w(x), x € (0,L1),
v(0,t) = v(L,t) =0, t>0
with
Rlx, £) = h(x,£) = (1) = T(g'(8) = /(1))
and

v(x,0) = u(x,0) — f(0) — % (g(0) — f(0)) =: w(x).

This problem consists, in general, of an inhomogeneous DE, inhomogeneous
initial values and homogeneous boundary values.



Inhomogeneous Heat Equation
2. Solve Homogenized Problem

Vi — CVex = 71()(7 t), c>0,t>0,xe€(0,L),
v(x,0) = w(x), x € (0, L),
v(0,t) = v(L,t) =0, t>0

homogeneous boundary values are fulfilled by:

pn(x) = sin (nwx) = sin (nTﬁx , neN

Ansatz: ‘ v(x,t) = > an(t)sin (nwx) ‘

Plug into DE v; — cvex = I~1(x, t):

> " [aa(t) + en’w?an(t)] sin (nwx) = h(x, t)

n=1



Inhomogeneous Heat Equation
2. Solve Homogenized Problem

The solution has to fulfill the initial value as well

m

v(x,0) = Z an(0) sin (nwx) = v(x)

n=1

Ideas for arbitrary A, vo:

Consider the series (co instead of m) and replace the right handside by the
Fourierseries of the odd, 2L-periodic continuation of hor vo, respectively. We
obtain an initial value problem with ordinary DEs for a,.

Computation of Fourier coefficients follows in the next auditorium exercise.
Here: particular choices of h, vp.



Inhomogeneous Heat Equation
3. Determine original solution

u(x.t) = vix.t) + (2) + 7 (g(t) = F(1))



Inhomogeneous Heat Equation

Example
ut—uxxzﬁ+4sin(2x) 0<x<m, teR",
u(x,0)=1—£+sin(6x) 0O<x<m,

™

1
0,t) = —— t>0
w(®0,t) = >0,
u(m,t) =0 t>0

1. Homogenization of boundary values

v(x, t):=u(x, t)— [f(t)+f(g(t)ff(t))]



Inhomogeneous Heat Equation
Example

New DE for v(x, t) = u(x,t) + Lt (i _ 1)

t+1 \«w

DE for u: ur — U = ﬁ + 4sin(2x)
Vt(Xv t) =

Ut — Uxx =

Vit — Vxx =

v(x,0) =

1
V(O, t) = U(O, t) — m =

v(m, t) = u(7r,t)+ﬁ11 (g - 1) =0.



Inhomogeneous Heat Equation
Example

. Ve — Vi = 4sin(2x), x€(0,m),t>0

v(x,0) = sin(6x) x € [0, 7]

v(0,t) = v(m,t) =0, t>0

Ansatz:

m

v(x,t) = Z an(t) sin (nwx)

n=1

Plugging this into the PDE v; — cvix = E(x, t), yields

Z [3n(t) 4 cn’w?a,(t)] sin (nwx) = h(x, t)



Inhomogeneous Heat Equation
Example

2. continued .
Z [3n(t) 4+ cn’w?a,(t)] sin (nwx) = h(x, t)
n=1

where
c=1, h(x,t) = 4sin(2x), L =7 so w = 1.

So we have

Z [4n(t) + n”an(t)] sin (nx) = 4sin(2x)

n=1

Comparison of coefficients yields the ordinary differential equations



Inhomogeneous Heat Equation
Example

2. continued
The solution has to fulfill the initial values

v(x,0) Z an(0) sin (nx) = w(x) = sin(6x)

Comparison of coefficients yields the initial values for our differential
equations

In total we get the following initial value problems

an(t) + n*an(t) =0, a,(0)=0  Vn¢ {2,6}



Inhomogeneous Heat Equation
Example

2. continued
With solutions

an(t) =
and

36(t) + 6%a6(t) = 0, as(0) = 1

a(t) +2%ay(t) = 4, a2(0) = 0

Solution: v(x,t) =



Inhomogeneous Heat Equation
Example

u(x, ) = v(x, t) + £(£) + 7 (g(t) — £(2))

where f(t) = ﬁ, g(t)y=0,L=m.



Inhomogeneous Heat Equation
Hint for Homework 2a

So g(t) = pq(t)

x— part: linear, exponential or periodic.

Follow pages 5-9 with
p'(0) = p’(L) = 0 instead of p(0) = p(L) = 0.

Use the series instead of the sum, that is co instead of m.



Laplace Equation on Circles, Arcs, inside and outside of
Disks...

Laplace operator in polar coordinates:

0
Au =0 é Uy, + %u,—l— %ZUM =0.

For rotationally symmetric data: u(r,¢) = w(r) it holds ugy = 0.

We need to solve: rPu, + ru, =0

Let g := w’. Then we need to solve: rg’(r) +g(r) =0

d,
dr r g r

|n(|g|) - _ In(r) F ok = eln(\g|) — e—ln(r)+k — e—ln(r) . ek

W’:g:a~%:> w(r)=a-In(r)+

Compare representation in terms of the fundamental solution from last auditorium exercise



Not Rotationally Symmetric Data

> Ansatz: u(r,¢) = w(r) - v(e)
which should satisfy: r?u,, + ru, + ugy = 0.

» NewDE: 2w’ v+ m  -v+w-v/ =0

» Order with respect to v and w:

" /
rw’ + rw v
\/(rzw// + rw/) = —Ww - VN _ -

» System of ODEs:

[Vi(0) = —M(9).  Pw(r) + w(r) — Aw=0




Not Rotationally Symmetric Data
Analysis of v"'(¢) = —Av(¢)

» Solutions see above
» )\ = 0: linear function
> X\ < 0: real exp-functions

» A\ > 0: Cos- and Sin functions

v should be 2mr—periodic such that it consists of cos(k¢), sin(k¢) with
corresponding A\ = k2 and

| V() = akcos(ko) + bisin(k), kN, vo(¢)=ao|

According to the system, we get for v = vy the ODE for w = wj

rPw(r) + m/'(r) — Aew = rPw”(r) + m/(r) — K*w =0.



Not Rotationally Symmetric Data
Analysis of rPw”(r) + rw'(r) — k?w =0

k=0 » r2w”(r) + m'(r) =0
» as above with g = w/

/ g 1
> fg(’)+g(’):0<:>gz—;
/ do
> w :g:—:>’ wo = ¢ + doIn(r) ‘

k #0:  » Euler's DE: Substitution r = e* or ansatz w(r) = r7

Pw'(r) + m'(r) — kK>w =0
=k ey ey (v 1) 2 =0
= (kR +y+97—7) =0
<~y ==tk

> Thus,‘ wi(r) = ckr™* + dirk ‘




Not Rotationally Symmetric Data

Every function wy - vk solves the differential equation. Since the DE is linear,
every linear combination is a solution as well:

u(r,¢) = co+ doIn(r) + i(ckr*k + dir*)(ax cos(k¢) + by sin(kg))
k=1

Without deeper analysis of the convergence, we write

u(r,¢) =co+doIn(r) + 352, (ckr ™ + dir*)(ax cos(ke) + b sin(ke))

Depending on the region, we need to restrict to bounded summands, see below.



Laplace equation on unbounded sets

Example

> Au = 0, for x>+ y? > 16, u(x,y) = 14+xy —2y? on x*+y? = 16.

» General solution:
u(r,d) =co+ doln(r) + Z(ckrfk + dir*)(ax cos(kg) + by sin(kg))
k=1
» Ansatz for x*> 4+ y* > R?:
» Since the solution should be bounded: dx =0, Vk.
» It remains

u(r,¢) = co+ Z ckr *(ak cos(k¢) + by sin(kg))

k=1



Laplace equation on unbounded sets

> Ansatz: u(r,¢) = % + 352, r ¥ (akcos(kp) + busin(ke))
» Boundary conditions: u(R, ¢) = ur(®), thus
u(R,¢) = 3 + ; R~ (ax cos(ke) + bisin(kg)) = ur(9)

» Develop ur with a Fourier series

o]

ur(¢) = % + ) Accos(k¢) + Bysin(ko)
k=1

27 27
A=t /O ur(9) cos(k) dp,  Bi= /0 ur (@) sin(ke) do

T
» Compare coefficients:
Rfkak = A &< ax = R*. Ak, and analogously by = R . By

such that we obtain the solution for the complement

o]

u(r, ¢) = % + Z (5) (Ak cos(kgp) + Bksin(ko))

Computation of Fourier coefficients: next auditorium exercise



Laplace equation on unbounded sets
Example

oy i < > (Ax cos(ke) + By sin(ke))

» For our example, we have the boundary values
u(x,y) =1+xy —2y% on x>+ y2 =16

> With x = rcos(¢), y = rsin(¢), r> = x> + y? this is
u(4,$) = 1+ 4cos(¢) - 4sin(¢) — 32sin*(¢)

> Use sin(2¢) = 2cos(¢) - sin(¢), cos(2¢) = 1 — 2sin*(¢)
» Then,

u(4,¢)= ur(¢) = 1 + 8sin(2¢) — 16 + 16 cos(2¢)

o0 k
L Ao + Z (4> (Ak cos(kp) + Bysin(ko))

2 4
k=1



Laplace equation on unbounded sets
Example

u(4,¢) = ur(¢) = 1+ 8sin(2¢) — 16 + 16 cos(2¢)

L % + kz:; (j) (Ak cos(kp) + Bysin(ko))

» The Fourier coefficients of uq are

A

70: ;A= ;o Be= A= B=
(In general one has to determine the Fourier coefficients by
integrals.)

» With this we get the solution

u(r,¢) =



Laplace equation on unbounded sets
Example

We can reformulate it as a solution depending on x,y € R?
(Cartesian coordinates). Use cos(¢) = %, sin(¢) = ~.

u(r,¢) = —15 + (i) (16 cos(2¢) + 8sin(2¢))

> cos(24) = cos?(¢) — sin?(¢) =
> sin(2¢) = 2cos(¢) - sin(¢p) =

2
u(r,¢) =—-15 + (f) (16 cos(2¢) + 8sin(2¢))

2
4 X2y2+X)/>
u(x,y) = —15 + 16X YT
() (m) ( 4y



Summary

> General ansatz for (complement resp. sections of) circles or rings:

u(r,¢) = co+doIn(r) + 3502, (ckr ™ + dir*)(ax cos(ko) + b sin(ke))

» For getting bounded solutions one sets
> On balls with BV u(R, ¢) = ur(¢): ck =0,Vk € Nand dy = 0:

u(r, ) = =2 + Z ( ) (A cos(kg) + Bisin(ke))

»> On complements of balls with BV u(R, ¢) = ur($): dk =0 and:
u(r,d) =20 4 i RN (A cos(kd) + Besin(ke))
R = N ‘ ‘

> In rings with u(R1,®) = u1(9), u(Rz, ¢) = w(¢): Use complete
ansatz. Determine coefficients via two boundary conditions.

> In segments of a ring: If there are boundary values # 0 on more
than one boundary part, one may need to disassemble the region. It
may also be necessary to adjust the ansatz.
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