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Overview

Second Order Differential Equations

Harmonic Functions

Laplace Equation



Linear Second Order Differential Equations
Here just two variables. General case: see lecture notes.

a(x , t)uxx + 2b(x , t)uxt + c(x , t)utt = h(x , t, u, ux , ut)

Classification:
D(x , t) = a(x , t)c(x , t)− (b(x , t))2 < 0 : hyperbolic,
D(x , t) = a(x , t)c(x , t)− (b(x , t))2 = 0 : parabolic,
D(x , t) = a(x , t)c(x , t)− (b(x , t))2 > 0 : elliptic.

Different methods are suitable, different initial or boundary
conditions are required for reasonable ∗ problems.

∗ ) Reasonable means well defined: There exists a unique solution,
depending continuously on the initial and/or boundary data.



Examples
Compare HW1

Determine the type of the following differential equations:

1. uxx + 6 uxy + 9 uyy + y ux − x uy = 0

2. (2x2 − 1) uxx − 4xy uxy + (2y2 − 1) uyy + x ux = cos(x)



Linear PDE of second order with constant coefficients
(derivatives of second order)

a11uxx + 2a12uxt + a22utt + b1(x , t)ux + b2(x , t)ut + c(x , t)u = h(x , t)

Diagonal form: No mixed derivatives of second order

Normal form: No mixed derivatives of second order and
coefficients of second derivatives take values ∈ {−1, 0, 1}.

Integrable form: Only mixed derivatives of second order

hyperbolic: uxx − utt = G (x , t, u, ux , ut)

or uxt = G (x , t, u, ux , ut)

parabolic: uxx = G (x , t, u, ux , ut)

elliptic: uxx + utt = G (x , t, u, ux , ut)
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Goal: Derive diagonal/normal/integrable form

We introduce new variables η = η(x , t), τ = τ(x , t),

and a function: v(η(x , t), τ(x , t)) = u(x , t)

Regularity condition: ηxτt − ηtτx ̸= 0.

We use the chain rule to compute the derivatives:

ux = (v(η(x , t), τ(x , t)))x =

ut = vη · ηt + vτ · τt ,
uxx =

= vηη · (ηx)2 + 2vητ · ηxτx + vττ · (τx)2 + (vηηxx + vττxx) ,

uxt = vηη · ηxηt + vητ · (τtηx + τxηt) + vττ · τtτx + (vηηxt + vττxt) ,

utt = vηη · (ηt)2 + 2vητ · ηtτt + vττ · (τt)2 + (vηηtt + vττtt) .
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We plug this in and obtain another differential equation

Avηη + 2Bvητ + Cvττ = h̃(η, τ, v , vη, vτ )

Question: How to choose η, τ?

▶ Normal form: see lecture notes. Here: a short sketch of the
method without example.

▶ Example for integrable form follows.



Example for Exercise 1 (Work sheet): Transform to
integrable form

For utt + (a+ b)utx + abuxx = 0
substitute α = x − bt, µ = x − at.

Example:

14uxx + 9uxt + utt = 0 for x ∈ R, t ∈ R+

u(x , 0) = u0(x), for x ∈ R z.B.: u0(x) = x + sin(x),

ut(x , 0) = v0(x), for x ∈ R z.B.:v0(x) = −7− 2 cos(x).

α = x − 7t, µ = x − 2t
u(x , t) = v(α(x , t), µ(x , t))

Formulas given on page 8 with α, µ instead of η and τ
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ux = (v(α(x , t), µ(x , t)))x =

ut = vα · αt + vµ · µt

uxx = vαα · (αx)
2 + 2vαµ · αxµx + vµµ · (µx)

2 + (vααxx + vµµxx) ,

uxt = vαα · αxαt + vαµ · (µtαx + µxαt) + vµµ · µtµx + (vααxt + vµµxt),

utt = vαα · (αt)
2 + 2vαµ · αtµt + vµµ · (µt)

2 + (vααtt + vµµtt) .

Plug into differential equation 14uxx + 9uxt + utt = 0

New differential equation vαµ = 0.
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Alternative
For linear transformations and the following differential equation

a11uxx + 2a12uxt + a22utt + b1(x , t)ux + b2(x , t)ut + c(x , t)u = h(x , t)

Principal part:
(
a11

∂
∂x

∂
∂x + 2a12

∂
∂x

∂
∂t + a22

∂
∂t

∂
∂t

)
u

Matrix notation:
(∇TA∇)u

Rewriting the first derivatives analogously yields:

(∇TA∇)u + (bT∇)u + cu = h, A =

(
a11 a12
a12 a22

)
Our differential equation: 14uxx + 9uxt + utt = 0
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⇐⇒ (∇TA∇)u = ∇T

(
14 9

2
9
2 1

)
∇ · u = 0

Transformation: α = x − 7t, µ = x − 2t(
α
µ

)
=

(
1 −7
1 −2

)(
x
t

)
=: ST

(
x
t

)

From above:
ux = 1 · vα + 1 · vµ ,
ut = −7 · vα − 2 · vµ

∇xt ·u =

(
∂
∂x

∂
∂t

)
·u =

(
ux

ut

)
=

(
1 1
−7 −2

)(
vα

vµ

)
= S

(
vα

vµ

)
= S∇αµ ·v

Therefore ∇xt =

(
∂
∂x

∂
∂t

)
= S · ∇αµ = S ·

(
∂
∂α

∂
∂µ

)

(∇T
xtA∇xt)u = (S ·∇αµ )

T ·A ·S ·∇αµ v = ∇T
αµ (S

T ·A ·S)∇αµ v = 0
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Here it holds that:

STAS =

(
1 −7
1 −2

) (
14 9

2
9
2 1

) (
1 1
−7 −2

)
=

(
0 −25

2
−25

2 0

)
New differential equation:

∇T
αµS

TAS∇αµ v = ( ∂
∂α ,

∂
∂µ)

(
0 −25

2
−25

2 0

) ( ∂
∂α

∂
∂µ

)
= −25vαµ = 0

vαµ = 0 =⇒
vα = =⇒
v(α, µ) = Φ(α) + Ψ(µ) =⇒ u(x , t) =

Determine Φ and Ψ by the initial conditions:
u(x , 0) = u0(x)
ut(x , 0) = v0(x)
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For our example with

u(x , t) = Φ(x − 7t) + Ψ(x − 2t)

and

u0(x) = x + sin(x), v0(x) = −7− 2 cos(x)

we obtain the conditions

u(x , 0) = Φ(x) + Ψ(x) = x + sin(x)

and

v(x , 0) =



Transformation to normal form
See lecture notes. Here: brief sketch

For linear partial differential equations of second order with
constant coefficients
a11uxx + 2a12uxt + a22utt + b1(x , t)ux + b2(x , t)ut + c(x , t)u = h(x , t)

Matrix notation:

(∇TA∇)u + (bT∇)u + cu = h, A =

(
a11 a12
a12 a22

)
A ist real and symmetric:
Determine eigenvalues λ1, λ2 and corresponding orthonormal

eigenvectors v [1], v [2].

Let S = (v [1], v [2]),

(
η
τ

)
= ST

(
x
t

)
Change of coordinates gives the diagonal form:

λ1vηη + λ2vττ + p1vη + p2vτ + dv = H

Hyperbolic: λ1 · λ2 < 0, Elliptic: λ1 · λ2 > 0, Parabolic: λ1 · λ2 = 0.
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For hyperbolic and elliptic equations scaling

x̂ = η/
√
λ1, t̂ = τ/

√
λ2 gives the normal forms

ûx̂ x̂ ± ût̂ t̂ + p1ûx̂ + p2ût̂ + dû = H

For parabolic equations one eigenvalue, e.g., λ2, is zero. One of
the second derivatives is missing, e.g.. ũττ . We divide the diagonal
form by λ1.

Examples Diagonal Forms

Hyperbolic: Wave equation utt − c2uxx = 0,
Elliptic: Potential-/Laplace equation ∆u = uxx + uyy = 0,

Parabolic: Heat equation ut − cuxx = 0.
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Harmonic functions

Definition
Let Ω ⊂ Rn be a bounded connected and open region with boundary
∂Ω. A function u ∈ C 2(Ω) ∩ C (Ω ∪ ∂Ω) is called harmonic in Ω, if

∆u(x) =
n∑

i=1

uxixi (x) = 0 ∀ x ∈ Ω

Example (Compare WS2a)
For which k ∈ R and g : R→ R is u harmonic in R2?

∆u = uxx + uyy
!
= 0 ∀ (x , y) ∈ R2

a) u(x , y) := (x + k · y)2

b) u(x , y) := e−3x · g(y)
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Properties of Harmonic Functions

Theorem (Mean Value Property)

Let u be harmonic in Ba(x0, y0) and continuously extendable up on
the boundary ∂Ba(x0, y0) of this ball. Then it holds

u(x0, y0) =
1

2πa

∮
∂Ba(x0,y0)

u(x , y)dS

Theorem (Maximum Principle)

Let Ω be as before. Any harmonic function u on Ω reaches its max
or min on the boundary of Ω, i.e. maxΩ u = max∂Ω u and
minΩ u = min∂Ω u.

Theorem (Uniqueness)

Let Ω be now only bounded and open and f ∈C0(Ω), g∈C0(∂Ω).
Then there exists at most one solution u ∈ C2(Ω) ∩ C0(Ω) to the
BVP

△u = f in Ω, u = g on ∂Ω.
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Solution Formula to the Laplace Equation
Poisson’s integral formula

Consider the Laplace BVP

uxx + uyy = 0, x , y ∈ BR(x0, y0)

i.e.(x − x0)
2 − (y − y0)

2 < R2

uxx + uyy = g(x , y), x , y ∈ ∂BR(x0, y0)

Then the solution is given by

u(x , y) =
R2 − (x − x0)

2 − (y − y0)
2

2πR

∫
∥z−(x0,y0)T ∥=R

g(z)

∥z − (x , y)t∥2
dz
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Fundamental Solution

Consider the Laplace BVP

uxx + uyy = 0, x , y ∈ BR(x0, y0)

uxx + uyy = g(x , y), x , y ∈ ∂BR(x0, y0)

We define the fundamental solution

n = 2 Φ(x) = 1
2π ln(∥x∥2)

n > 2 Φ(x) = − 1
αn(n−2)n (∥x∥

2−n
2 )

αn = volume of unit ball in Rn

Every rotationally symmetric harmonic function on Rn \ {0} has the
form

u(x) = aΦ(x) + b

for some a, b ∈ R (see lecture notes p. 61-63).
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Example (Compare WS2b, HW2)
We are looking for the value u(1, 2)T of the C 2 function which satisfies

uxx + uyy = 0 for (x − 1)2 + (y − 2)2 < 9, and . . .

a) . . . u(x , y) = 2025 for (x − 1)2 + (y − 2)2 = 9.

Method 1 Unique solution u(x , y) = 2025 solves the equation on the
whole ball. Hence u(1, 2) =

Method 2 u(x , y) is constant on ∂Ω. Max and Min are reached by u on
∂Ω. Thus, u(1, 2) =

b) . . . u(x , y) = x2 − y2 + 2025 for (x − 1)2 + (y − 2)2 = 9.

Hint: cos(2t) = cos2(t)− sin2(t).
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Method 1

Let K denote the disk with radius r = 3 around (1, 2)T (lecture
B3(1, 2))
and

c(t) = (1 + 3 cos(t), 2 + 3 sin(t))T , t ∈ [0, 2π]

a parametrization of ∂K (lecture ∂B3(1, 2)).

The mean value property then yields

u(1, 2) =
1

2πr

∫
∂K

u(x , y) d(x , y) =
1

2π · r

∫ 2π

0
u(c(t)) · ∥ċ(t)∥ dt
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u(1, 2) =
1

2πr

∫
∂K

u(x , y) d(x , y) =
1

2π · 3

∫
∂K

(x2 − y2 + 2025) d(x , y)

=
1

6π

∫ 2π

0

u(c(t)) · ∥ċ(t)∥ dt

=
1

6π

∫ 2π

0

((1 + 3 cos(t))2 − (2 + 3 sin(t))2 + 2025) · 3 dt

=
1

2π

∫ 2π

0

(1 + 6 cos(t) + 9 cos2(t)− 4− 12 sin(t)− 9 sin2(t) + 2025) dt

=
1

2π

∫ 2π

0

(9 cos(2t)− 3 + 2025) dt

= 2022



Method 2 Poisson’s integral formula

u(x , y) =
R2 − (x − 1)2 − (y − 2)2

2πR

∫
∥z−(12)∥=R

g(z)
∥z −

(
x
y

)
∥2

dz

u(1, 2) =
32 − 02 − 02

2π3

∫
∥z−(12)∥=3

z21 − z22 + 2025

∥z −
(
1
2

)
∥2

dz

=
9

6π

∫ 2π

0

((1 + 3 cos(t))2 − (2 + 3 sin(t))2 + 2025)

32
· ∥ċ(t)∥ dt

=
3

6π

∫ 2π

0

(1 + 6 cos(t) + 9 cos2(t)− 4− 12 sin(t)− 9 sin2(t) + 2025) dt

= 2022 .



Method 3 The solution is unique. Due to

(x2−y2+2025)xx+(x2−y2+2025)yy = 2−2 = 0, ∀x , y ∈ R

we already know the solution u(x , y) = x2 − y2 + 2025. Thus,
u(1, 2) = 12 − 22 + 2025 = 2022 .



Rotational symmetric solutions

According to the lecture every rotational symmetric harmonic
function on Rn\{0} can be expressed in terms of the fundamental
solution Φ(x) as

u(x) = aΦ(x) + b, a, b ∈ R.

In the case of symmetric data (Ω, 0 /∈ Ω and boundary values),
use fundamental solutions.

Example (Compare WS3)
Determine a solution to ∆v = 0 for e2 < x2 + y2 < e6,

v(x , y) = 1 on x2 + y2 = e2,

v(x , y) = 0 on x2 + y2 = e6.



The fundamental solution

Φ(x , y) = − 1

2π
ln(∥(x , y)∥2)

yields the solutions

v(x , y) = aΦ(x , y) + b

for the PDE.

Let
v(x , y) = u(r , ϕ) = w(r), r =

√
x2 + y2.

This results in

u(r , ϕ) = w(r) = − a

2π
ln(r) + b.
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The boundary values give

u(e1, ϕ) = 1 =⇒ − a

2π
ln(e1) + b = 1

=⇒ − a

2π
+ b = 1 =⇒ b = 1 +

a

2π
.

u(e3, ϕ) = 0 =⇒ − a

2π
ln(e3) + 1 +

a

2π
= 0 =⇒

=⇒ a = π, b = 1 +
π

2π

u(r , ϕ) =− π

2π
ln(r) +

3

2
.

v(x , y) =
3− ln

(√
x2 + y2

)
2

.
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