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Exercise 1:
Using a suitable product ansatz, solve the following Dirichlet boundary value problem for
the Laplace equation in polar coordinates on the disk r2 = x2 + y2 ≤ 9 .

r2urr + rur + uφφ = 0 0 ≤ r < 3
u(3, φ) = cos2(φ) φ ∈ R.

Hints:
To solve Euler’s equation
r2 · g′′(r) + ar · g′(r) + b · g(r) = 0 use the ansatz g(r) = rk .
It holds: cos2(φ) = 1

2 (1 + cos(2φ) ) .

Exercise 2:
Let P : R2 → R be a cubic polynomial of the form

P (x, y) = a1x
3 + a2x

2y + a3xy2 + a4y
3

+b1x
2 + b2xy + b3y

2

+c1x + c2y + d,

with ai, bj, ck, d ∈ R . Determine all coefficients for which P is harmonic on R2 .

Exercise 3:

(a) Let U ⊂ Rn be a bounded open set with connected boundary ∂U , and g : ∂U → R
a continuous function. Let u be a continuous solution on the closure U of{

∆u = 0 on U,
u = g on ∂U.

Show: If g has no zeros, then u also has no zeros.
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(b) Let

V = {(x, y)⊤ ∈ R2 : 0 < x2 + y2 < 1}, Γ = {(x, y)⊤ ∈ R2 : x2 + y2 = 1}.

Then the problem {
∆u = 0 on V,
u = 0 on Γ,

has the two solutions

u1 = 0 and u2(x, y) = Φ(|(x, y)|),

where Φ denotes the fundamental solution of Laplace’s equation.
Why does this not contradict the uniqueness theorem of the solution (Corollary 2 on
page 70 of the lecture)?

(c) Let

W1 = {(x, y)⊤ ∈ R2 : (x + 2)2 + y2 < 1}, W2 = {(x, y)⊤ ∈ R2 : (x − 2)2 + y2 < 1},

and W = W1 ∪ W2 . Then the function

u(x, y) =
{

1 fï¿½r (x, y)⊤ ∈ W1,
2 fï¿½r (x, y)⊤ ∈ W2.

is harmonic on W, not constant, and assumes both its maximum and minimum also
in the interior of W . Why does this not contradict the strong maximum principle?

Discussion: 17.06.-21.06.2024


