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Exercise 1:

a) Given the initial boundary value problem

Uy — gy = —x - sin(t) for x € (0,1),t > 0,
u(z,0) = 1 —a + 4sin(27x) for z € [0, 1],
u(x,0) = x4 3sin(6mx) for z € [0, 1],

uw(0,t) =1, w(l,t) =sin(t) for t > 0.

Transform the problem using suitable homogenization of the boundary data into an
initial boundary value problem with homogeneous boundary data.

b) Solve the following initial boundary value problem

Vg — 4Ugp = 0 for x € (0,1),t > 0,
v(x,0) = 4sin(27x for x € [0, 1],
v(z,0) = 3sin(6mx) for z € [0, 1],

v(0,t) =0, v(l,t)=0 for ¢t > 0.

Solution sketch:

a) Homogenization:

v(z,t) =u(x,t) —1— %(Sin(t) —1) = u(z,t) — 1 —zsin(t) + x.
or

u(z,t) = v(z,t) + 1+ xsin(t) — . [1 point]

Then it holds:

up = vy + x cos(t), u, = v, +sin(t) — 1

Uy = Vg — X SIN(1), Vg = Ugy [1 point]

New differential equation:

vy — xsin(t) — 4v,, = —x - sin(t) <= ’ Uy — 4vg, = 0. ‘ [1 point]

Initial data:

v(z,0) = u(x,0) =1 —2(sin(0) — 1) = 1 —x +4sin(2rz) — 1 + 2 =
v(x,0) = 4sin(27z) | [1 point]

ve(2,0) = w(2,0) — xcos(0) = x + 3sin(brzr) — v =

vy(z,0) = 3sin(67z) [1 point]

Boundary data : v(0,t) = v(1,t) = 0
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b) With L =1 and ¢®* = 4 we have a solution formula:

> ckm ckm km
o(z,t) = Y [Ak cos <t> + By sin (t)] sin (az)
= L L L

So for t =0 we have

v(z,0) = > Ay sin (krz) = 4sin(27mx)

k=1

Also Ay = 4 and A, =0 else. [2 points]

vi(x,t) = Y [—Ay - 2km - sin (2kwt) + By - 2k - cos (2kwt)] sin (kmx)

k=1
and for t=0: .
vi(x,t) = Y By - 2km sin (krz) = 3sin(67x)
k=1
Also Bg = ﬁ = ﬁ and By =0 else.

1
v(x,t) = 4 cos (4nt) sin (27x) + o sin (127t) sin (67x) [2 points]
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Exercise 2:

From lecture classes you know d’Alembert’s formula

(e, t) = = (flz+ct) + f(z —ct)) + 210 /:m (@) da

N | —

for the solution of the initial value problem for the (homogeneous) wave equation
Gigy — C*lpe = 0, 0(x,0) = f(x), 4:(2,0) = g(x),  €R, ¢ > 0.

a) (Just for the really quick participants) Show that the function

~( t) B 1 /t /:BC(Tt) h( )d d

U, N 2c Jo x+c(T—t) Wh ) Qwar

solves the following inhomogeneous initial value problem.
Uy — CPligy = h(x,t) u(z,0) = t(z,0) = 0.

Hint: Leibniz formula for the derivation of parameter-dependent integrals (Sheet 1H):

d [ bz) (] / /
e /a(x) [z, t)dt =/a(x) T f(a,t)dt + V() f(a,b(x) — d(2) f(z,a(x))

b) Solve the initial value problem

Uy — gy = —4a, reR, t>0
u(z,0) = 1, r € R, (1)
u(x,0) = cos(x), reR

(i) Compute a solution @ of the initial value problem

Uy — Mgy = 0, z€ER, >0
(x,0) = 1, 2z € R,
U(z,0) = cos(z), v € R.

(ii) Compute a solution @ of the initial value problem using the result from part a).
ﬂtt—4ﬂm:—4x, (EER,t>O

w(z,0) = 0, x € R, t(z,0) = 0,z € R

(iii) By inserting u into the differential equation and checking the initial values, show
that w = @ + @ solves the initial value problem (1).
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Solution:

faa(2,t) = 20/0 o (@ — e(r — £),7) — ho(z + (r — t),7] dr

1 z—c(t—t)
(@ t) = o / L

t—t)

+ 21c /t [h(z —c(t—t),7) - c—h(x+c(r —t),7) - (—c)] dr

2/ Wz —c(r —t),7)+ h(z 4+ c(t —t),7)] dr

(1) — ; {h(x 1) + h(z, 1) +/ (@ = el —),7) - e+ ho(e + (7 — £),7)(=0)] dT}
— 2/ (@ —e(m —1),7) — ho(x + c(r — 1), 7)] dr

Obviously it holds iy — c*@iy, = h(x,t) . For initial values one obtains

1 /0
L —
¢ Jo

and

(i, 0) 2/ —

b) (i) Solution to a homogeneous differential equation with inhomogeneous initial values
according to d’Alembert

1 1 x+ct
ia, ) = 5 (14 1) + o / cos(n)dn

r—ct

1

=1+ 1 (sin(z + 2t) — sin(x — 2t))
1

=1+ 3 cos(x) sin(2t)

(ii) Solution of a inhomogeneous differential equation with homogeneous initial values

e t) = 20/ I Y dwdr = _84 /Ot (@ =2 = 1) = (@420 — 1)) dr

+e(r—t)

1
= f/ 82(1 — t)dr = —2xt?.
2 Jo

(iii) The solution to the original problem consists of the two partial solutions:

1
u(z,t) = 1+ 3 cos(z) sin(2t) — 2zt
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Test:

u(z,0) =1, u(x, t) = cos(x) cos(2t) — 4at, u(z,0) = cos(x),
1

Uy = —3 sin(z) sin(2t) — 262, uy, = —5 cos(z) sin(2t),

uy = —2 cos(x)sin(2t) — 4x .

1
U — Az = —2cos(x) sin(2t) — 4a — 4(—5 cos(z)sin(2t)) = —4x.

Discussion: 10.07 - 14.07.2023



