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Exercise 1: Solve the initial boundary value problem:

Uy — Ayp = 3sin(2mx) - e € (0,1),t>0
u(z,0) = uo(z) = sin(mx) + 4sin(27x) z € [0, 1],
u(2,0) = vo(z) = 0 z € [0,1],

u(0,t) = 0 t >0,

u(l,t) = 0 t>0,

Hint: Insert the ansatz

Z qr(t) sin(kwz), w=

s
1

into the differential equation. You get the ordinary differential equation for ¢, . The initial
conditions provide the initial data for the g .

Solution:

Inserting the ansatz in w = m and ¢ =2

Z g (t) sin(kwz) + ¢ (kw)?qx(t) sin(kwz) = 3sin(27z) - e

We obtain the ordinary differential equation
a5 (t) +2*(27)%qa(t) = 3e™*
G (t) + 22 (km)qi(t) = 0 VE#0

We now insert the ansatz into the initial conditions

Z qx(0) sin (kmx) = sin(rz) + 4sin(27x)

So we obtain from ¢;(0) =1, ¢2(0) =4, q,(0) =0 else!
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The second initial condition together with the solution ansatz gives
vo(z) = > q;(0) sin(kwz) =0
k=1

Hence ¢,(0) =0 Vk € N.

For k ¢ {1,2} we have the initial value problem

gi(t) + Rw?qp(t) = 0, qx(0) =0, ¢,(0) = 0.

With the solution : gx(t) = 0.

For k=1 we have with ¢ =2 and w = 7 the initial value probleem:
@(t) +4mq(t) = 0, @(0)=1, ¢(0)=0.

With the general solution: ¢ (t) = ki cos(2mt) + ky sin(2nt) .
Adjusting the initial values we have ¢;(t) = cos(2t)

For k =2 we have the initial value problem:

Q) +16-725(t) = 3¢, g3(0) =4, gy(0) =0

Corresponding homogeneous differential equation: ¢ ,,(t) 4+ 4% - m2qai(t) = 0,

with the general solution: go,(t) = ko cos(4mt) 4 ky sin(4mt)

Ansatz for the concrete solution of the inhomogeneous differential equation: go,(t) = ae

3

2 _ _

4a+16-wa—3:a—m
. 3

QQ(t) = ]{2 COS(47Tt) + ICQ sin(47rt) + m 6727&
)=k + —> o d ey m 4
GV =T T e 27 T 416

) . 3
0)=kodm — ——— =0 < ky= ———————
B0) = hedm — e 27 2n(d+ 1672

13 + 6472 3 3
) = =7 os(dnt) + ———_sin(4nt) + ——— e 2
et) = J g oS + o e U + e

And then we have
u(z,t) = cos(2mt)sin(1 - mx)

3
+ 171602 ((13 + 647?) cos(4nt) + o sin(47t) + 3@‘2t> sin(2 - w) .
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Exercise 2: (So that you don’t get the idea that you can solve all linear differential equations
of second order with a simple product ansatz.)

At the starting point « = 0 of a very long transmission cable there is a signal of the periodic
voltage

U(0,t) = Uy cos(wt) t>0,w>0.

We are looking for the signal voltage U(x,t) of the output signal for = > 0,¢ > 0. One
obtains U as the solution of the so-called telegrapher’s equations.

Utt — C2Uxx + (Oé"‘ﬁ)Ut + OéBU =0.

Here «, 3, ¢ are construction-related positive parameters of the problem. A temporally peri-
odic input signal leads to expect a temporally periodic output signal after a certain settling
phase. In addition, one requires

U(xz,t) bounded for z — oco.

a) Show that the product ansatz U(z,t) = w(z) - v(t) is not working here!

b) Try the solution ansatz that combines "local damping'(factor e **) with a time-

periodic progression (i.e. cosine/sine for t) and allows a linear, location-dependent
phase shift. So for example

Ulx,t) = e . (5 cos(at — bx) + 0 sin(at — Zﬁ))

Choose for example a = =c=1.

Solution to Exercise 2:

a) A product ansatz of the form U(z,t) = v(t)w(z) leads to the ordinary differential

equation for v
(t) + (o + B)o(t) + afu(t) _ C2w”($) — K
v(t) wl)

We have

(t) + (a+ B)o(t) + afu(t) = K -v(t) <= 0+ (a+ L)oo+ (af — K)v =0

This is an ordinary linear differential equation with constant coefficients for v. So we
compute the zeros of the characteristic polynomial

P2+ (a+ B+ (af+2) =0 Ml,?z—a;ﬁ‘i* \/(a—ZB)Q — (aB - K)

The general solution has the form
U(t) = cleﬂlt + 02€M2t and U(t) — Cleult + cﬂe“lt '

This is periodic if and only if p; = fiz are purely imaginary. The latter is only possible
if a4+ 8 =0 applies. But a and ( are positive constants according to the problem.
So our product ansatz does not lead to the solution.
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b) Ansatz: U(z,t) = e " . ((5 cos(at — bx) + dsin(at — ZNDx))
U(0,t) = dcos(at) + dsin(at) = U, cos(wt) =
§=Up,d=0,a=w
It also holds

U(xr,t) = Upe ™ cos(wt — br),

Up(x,t) = Upe ™ [bsin(wt — bx) — kcos(wt — bx)],

Up(z,t) = —wUpe ™ sin(wt — bx)
Upe(,t) = Upe™ {—Zkb sin(wt — bx) + (k* — b*) cos(wt — bx)] :
Up(x,t) = —w?Use™ cos(wt — br)

Plugging it into the differential equation with a = =c =1 gives

Upe " {cos(wt — bx) {—w2 — (k* = b*) + 1} + sin(wt — bx) [2kb — 2w]} =0! xz,t >0
So it follows

kb=w and —w? —k>+ b 4+1=0

= K+ -0 1=k -1)0*+1)=0 where beR

— k? =1, with assumption that k € R*,so0 k=1.

Hence we have that kb =w and b= w and

U(z,t) = Upe * cos(w(t — x)).



