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Exercise:

Given the following initial boundary value problem for v = wu(z,t):

Up — Ugy = € 'sin(27) + 1 z € (0,7),t € R,
1

u(z,0) = 3 sin(2z) ze (0,m),

u(0,t) = u(m,t) =t teRT.

a) Perform the homogenization of the boundary values.

What initial boundary value problem does one obtain after homogenizing the boundary
values?

b) Solve for following the initial and boundary data:

(i)

vf—vi, =0 x € (0,7),t € RT,
v*(z,0) = ; sin(2z) z e (0,m),
v*(0,t) = v*(m,t) =0 teRT.
and
v — ot = e tsin(2x) z e (0,m),t e R,
v*(z,0) =0 ze (0,m),
v*™*(0,t) = v™*(m,t) =0 teRT.

¢) Provide the solution to the initial boundary value problem from part a).

Solution:
a) With  v(a,t) = u(z,t) — t — j:g(t—t) = u(z,t) — ¢
or u(z,t) = v(x,t) +t we obtain
U =V + 1, Upp = VUgy - New diffrerential equation:

v+ 1l—v,=etsin2r)+1 < | v — v = e 'sin(22).

1
Initial values: v(z,0) = u(x,0) — 0 = 5 sin(2x) ze (0,m).

Boundary values : v(0,t) = v(m,t)=t—t=0 .
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b) (1)

For the homogeneous differential equation with homogeneous boundary data, w =
1, ¢=1 and given initial values

1
v (x,0) = 5 sin(2z), z e (0,m),

o0

one obtains v (z,t) = D age™™ a sin(kwz) Z ap e " sin(kx)
k=1
From the initial data we have

v*(x,0) = i ay sin(kx) = ;sin(Q:c).

k=1

The ay, are the Fourier coefficients of 1 sin(2z).

—/ —sin(2z) sin(kx)dx. (1)

Here you can omit the integration and do the coefficient comparison instead:

ag = % and ar = 0 else. So

1
v¥(z,t) = 56_4t sin(2z)

Of course, one gets the same result if one computes the Fourier coefficients via
(1) by means of integration.

Inhomogeneous differential equation with homogeneous initial and boundary data

v — vk = e tsin(22) z e (0,m),t e R,
v*(z,0) =0 z e (0,m),
v*(0,t) = v™*(m,t) =0 teRT.
Ansatz: -
Z )sin(kzx), a(0) =0

Plugging it into the differential equation results in

i lax(t) + k2ar(t)] sin(kz) = e ' sin(2x)

k=

—_

Hence we obtain ai(t) =0 for k # 2 and the ordinary differential equation
CLQ(T,) + 4@2(t) = €7t

for as . The solution to the associated homogeneous equation is

agp(t) = Ce
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The ansatz ay(t) = C(t)e ™ gives

. 1 1
Ctye™ =t «—= Ct)=c+ 3 e 2.B. ag,(t) = 3 et

1
az(t) =ce ™™+ -e  and with a(0) = 0 it follows ¢ = —1/3

v (z,t) = (e’t - e’4t) sin(2x)

¢) With the notation from a) and b) it holds

(26’t + e’4t) sin(2z) -

|~

v(x,t) = v (z,t) + 0" (x,t) =

and
(26_t + e_4t) sin(2x) + t.

| =

u(z,t) = v(z,t)+t =

Discussion: 26.06 - 30.06.2023



