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Exercise 1: (Exam, Prof. Behrens 2022, 7 Points)

a) Given the initial boundary value problem

Up — DUy, = % sin(7t) for x € (0,4),t > 0,
u(x,0) = 2sin(nz) + 3sin(27z) for z € [0, 4],
uw(0,t) =0, wu(4,t) = 1— cos(mt) for ¢t > 0.

Transform the problem into an initial boundary value problem with homogeneous
boundary data using a suitable homogenization of the boundary conditions.

b) Solve the following initial boundary value problem:

Vp — HUgy = 0 for z € (0,4),t > 0,
v(z,0) = 2sin(rz) + 3sin(27x) for z € [0, 4],
v(0,t) =0, wv(4,t)=0 for t > 0.

¢) Provide the solution to the initial boundary value problem from part a).
Solution:

a) Homogenization:

v(z,t) =u(x,t) — 0 — 1(1 — cos(mt) — 0) = u(x,t) — 1 (1 — cos(mt))

or
u(z,t) = v(a,t) + 2(1 — cos(rt)). (1 point)
Then it holds:

T
Up = Uy + e sin(rt), Vg = Upy
New differential equation: v + % sin(mt) — 5v,, = T sin(wt) <=
’ Vg — DUze = 0 ‘ (1 point)

Initial data:
v(z,0) = u(x,0)

T

4(1 — cos(0))

= 2sin(nz) + 3sin(2rz) — 0 <=

v(x,0) = 2sin(mz) + 3sin(27x)

Boundary data: v(0,t) = v(4,t) = 0 (1 point)
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b) With w =7 and ¢ =5 it holds:

© —cw?k2t . 0 _5k2ﬂ2t . k'ﬂ_ .
v(z,t) = Y ake sin(kwz) = > are” © sm(Zm) (1 point)
k=1 k=1

Inserting the initial values gives:

v(z,0) = Y2, axsin(Ez) = 2sin(rz) + 3sin(27z)

—= ay=2,a3=3,a,=0 Vk ¢ {4,8}.

5.4272 4 8272 8
v(z,t) = 2e "t sin(zﬂx) +3e Tt sin(zﬂx) (2 points)

c¢) For the solution of a) we thus get

u(z,t) = vz, b) + 2 (1 — cos(nt))

= 2¢7 5 sin(rz) + 3¢ 207" sin(2rx) + %(1 — cos(7t)). (1 point)
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Exercise 2:

a) Using a product ansatz, derive the series representation given in lecture 10 (page 18)
for the solution of the following Neumann problem.

U = Uy, O<z<1,t>0,
u(z,0) = g(z), 0<z<l,
ur(0,t) = wuy(1,t)=0 t>0.

b) Solve the initial boundary value problem a) with g(x) = 27z — sin(27z) .
Hint: 2sin(a) - cos(f) = sin(a + B) + sin(a — f).

Solution:

a) Short version: From the lecture we know that the ansatz wu(z,t) = vg(z) - wi(t) with
L =1 leads to

vg(x) = cos(kmz), and wi(t) = e ke Ny
Very long version: The ansatz u(x,t) = v(x) - w(t) yields:
V' ==Xv, w=- w, V(0)=0(1)=0.
Case distinction under the condition that the solution does not vanish:
A=0=v(x) =ag+byx, v =0by=0
= v(x) = ap .
A< 0= 0v(z) = aeV " 4 bhe VA
V'(0)=0<=a=b
V(1) =0 <= avV—A(e¥ ™ —e V) =0
— (u=0)V (eﬁ —e Ve A= ) Contradiction!

(\/Xm) + bsm(\/Xx)

A>0=u(z) =

So overall we get

vp(z) = cos(kmzx), k€ Np.
One can easily calculate for the time component
wi(t) = e T ke Ny,

So as a series representation for the solution one has
O o0
u(z,t) = 5 Z T cos(km) .

To fulfill:

X4 > ay cos(kmz) .

u(z,0) = 5
k=1
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To determine the coefficients, ¢ is continued evenly and 2— periodically and the Fou-
rier coefficients are determined

1
ap =2 / g(x) cos(kmz) dx .
0
b) For k ¢ {0,2} one computes for g(z) = 2wz — sin(27x) .
1
ap =2 / (2mx — sin(27x)) cos(kmz) dx
0

1 1
=2 / 2nx cos(kmx) dx — 2 / sin(2mz) cos(kmx) dx
0 0

sin(krz) '

=4
T o

km

cos((k + 2)mx)
(k+2)m

Cdn /1 sin(kmx)
0

1
dr — / sin(2rx + krx) + sin(2re — krx) dx
0

0

1 1

cos((—k + 2)mx)

4 1
= —— cos(kmz)|} +
cos(kmz)l, 0 e

k27

0

- ];ﬂ (cos(km) — 1) + (k:+12)7r (cos((k+2)m) — 1) — <(k—12)7r cos((—k 4+ 2)m) — 1)

4 1 1
= - ((—1)’€ — 1) - ((k ) 2)7r> (cos(km) —1)

4 4 . 16+ (1 - (~1)")
B (k% T2 —4)7r> ((F0f-1) = ( k- (k2 — 4)r )

For £ =0 we have

1
ag = 2 / 2nx — sin(2nx) de = 2w
0

and for k=2

1
as =2 / 21w cos(2mx) — sin(27wz) cos(2mx)dx
0

4 ((—1)2 — 1) — /01 sin(4rz)dx = 0.

T 27



