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Exercise 1: Determine the type of the following partial differential equations

a) Uy — 8Ugy + Stiyy + uy = u,

b) 2ugy 4y, + TU, = cos(y),

) BUpy + 2Uyy + Uy, =0,

d) Uy + € uyy + sin(x) (u, +uy) =y + 1,

e) (2% 4 y*) s + 2(T + Y)Usy + Uy, = 0.

Solution :

a) 22Uy — 8ty + Sy, +uy = u

2.-8—-42=0 parabolic .

b) 2ugy + Uy, + Uy = cos(y)
1-0—-1=-1 hyperbolic.

€) BUyy + 2Uyy + Uy =0
3-1-12=2 elliptic .

d) Upy + €Uy, +...= ...
1-e*—02>0 elliptic .

e) (22 + y*) e + 2(x + Yty + Uy, =0
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parabolic for  zy =0,

2 +y? — (x+y)? = 2y hyperbolic for xy > 0,
elliptic for xy < 0.
boli ellipt. ‘ hyp
parabolic — yp ‘ oThipt.
/I\

parabolic
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Exercise 2: Given the initial value problem
Upy — Uz — 4duy = 0 forz € R, t € RT
u(z,0) =0 forz e R,
u(z,0) = 2z¢™*". forz € R.

Solve the problem using substitution « = z+ i, W =x—t.

Hint: Compute vy, for v(a, p) = u(z(a, p), t(a, 1)) .
Alternatively: convert the derivatives in terms of x,t into derivatives in terms of «, p .

Solution:

Using the substitution a =z + %, u =z —t we obtain
Cda+p ¢ 4o — 4
5 5

X

50 4o+ p 4a—4,u> (o 1)
= v(«x
5 5 )

First approach for the transformation of the differential equation
dx dt 4 4

% Ut%ZSUm‘i‘gut

( dxr dx dx dt) ( dt dx dt dt>
Vap = | Uze * 5= = 75— + Ugt * 7 | Uy - 5 - 5 F Uy -

u(a,t) = ula(a, )t ) = u (

Vo = Uy *

da dp o da'@ da dp " da'@
4 16 4 16 4

= oplze — o Uat T 5z W — Sz Utt

25 25 25 25 o5 Ut + Uat, = diy)

For every twice continuously differentiable solution of the original differential equation using
the introduced notation we have

Alternative way of transformation: For twice continuously differentiable functions u
and v with the notation introduced above we have « = 4%,y = v —t and u(z,t) =

v(a, p) = v(a(e,t), ple, 1))

Uy = Vg * Qg + Uy * fhe = Vo + Uy

1
Up = Vg * O + Uy * oy = Z‘Ja_vu
Ugr = Vaally + Vap o +vua C 0+ Vpp * Mo = Vaa + 27}04;; + Vyup,
1 3
Uzt = Voo * Ot + Vayp + Ht + Vpo * At + Vpp ~ Ut = Zvaa - Zvau — Uup
1 1 1 1
Ut = Zvaa Sy Zvau Mt = Upa - Qp — Uy~ Ht = Evaa - §Uozu + Upp

Uy — g — 4y = 1000 +200, + vy,

_Zvo‘a—i_iva“ + v,

— 1“%"’2%# — vy,
25

:va =0 <= |Vau=0
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Further alternative approach for transformation:
Matrix form: (VI AV)u+ (b'V)u +cu=h.
Here the Matrx form of the PDE is

T r(1 -3
(VIAV)u = V 2

3
-3 -4

)V-u:O

1
1

v §T A§Va, 0 = 0.

where §7 A§ = G —i1> (_13 :2) (
2

Hence the PDE for v is | v,, =0

1
With ST := ( _41> we obtain the following PDE for v

0”)
8
(2

N
—_
N——
I

—1

Solution of the transformed PDE:
From (v,), = 0 it follows that v, does not depend on s .
fda
v(a, o = ola) = v(a,p) = S(a) + x (1)

and

(i, 1) = vl p) = Ba + 1)+ x(x — 1)

with sufficiently smooth functions ¢ and y.

From the initial data we obtain two conditions

u(z,0) = ®(z) + x(z) = 0 and

1 1 z x
u(x,0) = Z(I)/(.CE) —X(z) = 22e = ZCD(:E) — x(z) = / 2z¢ % dz = — 7
zo

x0 ’
By adding these two equations we have

5 2 2
Z@(m) = —e ¥ e "0,

Subtracting four times the second equation from the first one, we obtain

2 2

bx(x) =4e ™ —4de ™.

The solution to the initial value problem is therefore given by

t 4 t\2 2
u(z,t) = &(x+ Z> +x(x—1t) = _ge—(ﬁz) 4+ Ze@t?



