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Exercise 1: (Repetition of DGL I)

a)

b)

Let A be any fixed real number. Determine a real representation of the general solution
to the differential equation

y'(t) = Ay(t) = 0.

Let L be another fixed positive real number. Determine all solutions to the boundary
value problem

y'() = Ay(t) =0 y(0) = y(L) =0.
For which A € R does the boundary value problem have nontrivial solutions?
The A-values for which there exist non-trivial solutions (i.e. solutions that are not

constantly equal to zero) are called eigenvalues of the problem. The corresponding
solutions are called eigenfunctions.

Remark: The solutions to this eigenvalue problem will be needed again and again
during the semester!

Solution hints for the exercise 1:

a)

Following DGL I, we calculate the characteristic polynomial : p? — A = 0 with the
Zeros

creVM 4oy eV A >0,
,u1,2:i\/X = y(t) =qa + et A =0,
c1 cos(V—=At) + ¢ sin(v/—At) A <O.

For case A > 0, from the boundary value for ¢ = 0 it follows immediately that
co = —cy . The boundary value at L yields:

c1 (eﬁL — e*ﬁL) =0= ¢ (eQﬁL — 1) =0=c =0
In this case there exist only the trivial solution y(t) =0

For case A = 0, the solution is a linear function. The only linear function that exists
in ¢t =0 and also disappears in t = L > 0 is again the trivial solution.

For case A < 0, from the boundary value for t = 0 it follows immediately that
c¢1 = 0. The boundary value in L yields:

cosin(v—=AL)=0= ¢ =0V vV=AL =kn

2
Non-trivial solutions only exist for A = — (’%) .
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Exercise 2) (Repetition Analysis II)

4t tel0,3]
Given ft)y=4—-4 t€[3,1]
0 tel,2]

a) make a sketch of the direct 2-periodic continuation of f, and even and odd 4-periodic
continuation of f

b) compute the real Fourier series of the odd 4-periodic continuation of f,
c¢) compute the real Fourier series of the even, 4—periodic extension of f.
Recall:
Let f:R — R integrable and periodic with period 7" > 0, i.e.
fE+T) = f(t), VteR

2
Define the angular frequency w= % and denote by

n

T, = {g R—=R,g(t)= % + Z (ay cos(kwt) + bysin(kwt)), ak, by € R,} the space of all
k=1

T— periodic trigonometric polynomials of degree n with the

T
inner product: < f,g>:= %/0 f(t)-g(t)dt.

T
and the norm | g|| := %/ (g(0)2dt = /2G5
0

Then the functions { %,

are an orthogonal system and truncated Fourier series of f

cos(kwt), sin(kwt) : ke N}

fu(z) := Z ay, cos(kwt) + by sin(kwt))

L
2 a

with
=z / ) cos(kwt) dt , k € Ny,

by = f/o F(O) sin(kwt)dt,  keN.

is the best approximation for f from T, , i.e.

1 f=full < f =gl Vg€ Tn.
4 rT/2
If f even then by =0 and ay = T/ f(t) cos(kwt) dt ke Ng.
0

4 rT/2
If f is odd then ax =0 and by, = f/ f(t) sin(kwt) dt keN.
0
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Solution sketch:

I
Ungeede & gerdche Foseung
-2

4 03 2 A 0 1 H 3 4

b) ar =0 because function is odd!
2r 7
T = 4 = — = —
YT T T

/ T
by = ; /0 0 sin(hwt) dt = /0 0 sin(" )t

1/2 k
= 4t sin(gt

k
)it + | (4— 4t)sin(—t)dt
0 1 2

1
/2

[ e,
2 0 0 2
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“ (2 b e k;t : 8 1 b 8 |sin k2 t !
:k;yr <§COS(T))+E ,g; ) +/€(2COS(4))_I<:7T[ IE; )]1
]_6 km ]-6 km . Lk o ]_6 e o

= o2 sin(F) — (em)? (sm(?) - sm(j)) = hn)? (2 sin(kr) — s1n(7))

Since f is continuously and piecewise continuously differentiable, the Fourier series
converges to f:

-5

(2 sin ’T) . sin(k;)) sin(¥T 1)

2
c) bp=0 since function is even!
2r 0w
T == 4 —_ - = —
y W T 5
4 T/2 2 1/2 1 1 ]
T 0 0 0 1/2 9 5

For k € N one computes as follows

T/2 2 k
/ ) cos(kwt) dt = / f(t) COS(lt)dt
T 0 2

1/2

km 1 k
= 4t cos(—t)dt + (4 —4t) cos(—ﬂt)dt
0 2 1/2 2

(ST

=4 [tsm g?t)] —4/0 7(7ﬂ )dt+4 [(1 —1) in(?t)]l —

km km
0 2 2
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= k:i76r2 [2 oS (%r) — cos (%”) — 1}

Since f is continuously, piecewise continuously differentiable, the Fourier series con-
verges to f:
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