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Exercise 1: (Repetition Analysis II)

For the derivation of parameter-dependent integrals for sufficiently smooth f holds the
Leibniz—Rule :

L = [+ ¥(0) S ) — @) flaata)

Find the derivative of the function F'(z) defined as

22

F(z) = /e“ dt

—T

and compute lim F'(z).
z—0

Solution to Exercise 1:

22

F(z) = / et dt, b(x) == 2%, a(z) = —x, f(t,z) ="

—T

b (z) =2z d(z) = —1
fb(x),x) = e fla(z),z) = e

b(z)
F@) = [ ) V@) (b, 2) — a2 (o), 2
a(z)

= / te*t dt + 2x e® + e

2 z2
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Substitution/ L’Hospital gives:

32z3 2 —z2
PP P S e I N P
xz—0 21

1
/ o I H xT
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Exercise 2: (Repetition of Analysis II)

Determine the appropriate real Fourier series for the following functions:

a) Odd 2L— periodic continuation of
f:]0,1[— R, f(x)=sin(4rx) + 2sin(6rz) L=1.
b) Even 2L— periodic continuation of

f:[-%,2[—=R, L= with

4

Remark: For DGL II you will need to know how to calculate Fourier series. Please
repeat if necessary!

Solution hint to Exercise 2:

a) Since the function f(x) is continued oddly, a Fourier sine series is used. Since 2L is a
period of the function, one chooses 2L— periodic sine functions. So we define a series

in the form . )
T
F = by sin ( k—
(x) kz::l g Sin ( 5 x)

L=1= F(z) =) by sin(krz)
k=1

Due to orthogonality relations between the sin(kmwz) and sin(lrz) (see Mathe II) and
by assuming that the Fourier series is as good as possible approximation of f, we have

by=1, bg=2, b.=0 otherwise.

b) Since function f(t) is continued evenly, a Fourier cosine series is used. Since 2L is a
period of the function, one chooses 2L — periodic cosine functions. In general we define
the series as

Qo > 27'(')
F(t) = — k—1).
(t) ) +k§::1akcos<2[/

In our special case, we have that the continuation is even m— periodic. So we can write
the series in the following form

0 2
F(t) = 2 + % ay cos <k;7rt).
2 = T
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Following Analysis II, and since T" = 7w, we have for the coefficients

ar = 4 /0g f(t) cos (kwt) dt

T
4 ri 2 4 r3 2
:/42-COS(kT7Tt)dt+/QO'COS(kﬂt>dt
mJo T Tz T

8 I
= — /4 cos(2kt)dt
7 Jo

For k£ =0 it holds

8 i 8 .=
ap=— [ 1dt = =[t]§ =2
7w Jo T
and for k > 0 we obtain
8 % 4711 T km
= — 2kt)dt = — | = sin(2kt = —sin|—|.
a 7r/0 cos(2kt) 7T[ksln( )]0 7Tks1n<2>
Hence
2 k=20
ar =<0 k=2m, meN
4(=1)™
o k=2m+1,meN,
SO
N 4 4 4
an = a1 = — A2 = — — Ar — —— =« -+«
0 - 3 3T b 5T

The first four non-vanishing summands of the Fourier series are e.g.

4 4 4
1+ —cos(2t) — — cos(6t) + — cos(10t).
T 3T om
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