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Differential Equations II, WiSe 2023/24  04.03.2024 (Behrens)

Exercise 1: [7 points]
Consider the following initial value problem for u(x,t):

U + u-uy, = 0,

rER, teRT
4 r < —1,
u(z,0) =350 -1 <ax <0,
—4 0<=x.

a) Determine the entropy solution for ¢ € [0,¢*) with a sufficiently
small ¢*.

b) Up to which ¢* can the solution from a) be continued at most?

¢) Determine the entropy solution for ¢ > ¢*.

Solution:

a) At two discontinuities of the initial data, we introduce two shock waves
The jump condition requires:

440 0—-4
$1(t) = —; =2 and S9(t) = —— = —2.

We get shock fronts
si(t) = =1+ 2t and s(t) = —2t.

For sufficiently small ¢ we have

4 r < —1+4 2t

u(z,t) =40 —1+4+2t <z < =2t (3 points)
-4 =2t <«x.
is a weak solution.
b) For ¢* with
—142t" = 20" = W' =1 <= t*"= 1 (1 point)

the shock fronts meet and the solution from a) becomes ambiguous.

c¢) For t* = it holds s1(t) = s5(t) = —3 and

= 4D
) 1 1
slt) = —3 + S0 1) = —
For ¢ > 1 it holds
4 T S _%7
u(z,t) =
—4 > -1 (3 points)
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Exercise 2: [3 points]

Given is the following differential equation for wu(z,y):

T Upy — (x—i_y)umy +y'uyy - O

Provide the order of the differential equation and determine the type of the differential
equation (elliptic, parabolic or hyperbolic) at the points

()= (1) and (32) = (1)

Solution:
The differential equation is of order two.
A type is obtained from the sign of
D(x,y)zx-y—%ﬁ-—W——(?)Z. (1 point)
elliptic if D(x,y) > 0,
A differential equation is ¢ parabolic  if D(x,y) = 0,
hyperbolic  if D(x,y) < 0.

1-1— (1;721)2 = 0 = The differential equation is
at (“) = G) parabolic.

D(1,-1)=1-(-1)— (1575)2 = —1 = The differential equation is at (zj) = (_11) hyper-

(2 points)
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Exercise 3: [4 points]

Let u be a harmonic function in the disc € := {(“z) € R?: 2? +y? < 25} with given values
g(x,y) on the boundary of the disc:

T
)
T

Y

Au(z,y) =0 for<>€R2zx2+y2<25

u(z,y) = g(z,y) br()eR%x?+ﬁzaa

In the following two cases one can find solutions without long calculations. Give a solution
for each case. Justify your answers.

r+y+18
—g

b) g(z,y) = 22% +2y°.

a) g(v,y) =

Solution:
: r+y+18 . o
a) The function wu(z,y) = + = g(x,y) solves the potential equation in the
+ 18
whole disc. Because of the uniqueness of the solution, u(z,y) = x+y9 is a
unique solution in 2.
(2 points)

b) g(x,y) = 222 + 2y* = 2(2% + y?) is on the boundary 952 constantly equal 50.

So u(w,y) is constant on the boundary of 2. Since the maximum and minimum of u
in Q are attained on the boundary, u in the whole disc is constant and u(z,y) = 50

(2 points)
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Exercise 4: [6 points]

Determine the solution to the initial boundary value problem

iw — 30Uz, = 0 O<z<2r, 0<t,
u(x,0) = 20sin(3z) 0 <z <2m,
ui(z,0) = 24sin(3x) 0 <z <2,
u(0,t) = 0 0<t,
u(2m,t) = 0 0<t.

Solution:

With L = 27 and ¢2 = +v/36 the solution formula is:
o ckm ckm kr
t) = A —t B si —t i —
u(x,t) kz::llkcos<L )—i— ksm<L )]sm(ljx)

S0
[L’) . (1 point)

o

= Y [Ag cos (3kt) + By, sin (3kt)] sin(
k=1

DO |

For t =0 we have "
e 3
0) = > Ay sin (x) = 20sin(=x)
= 2 2

Hence A3 = 20 and A =0 else. (2 points)

t) = > [~Ay-3k-sin(3kt) + By - 3k - cos (3kt)] sin <§x>
k=1

and for t =0:
> k
w(z,t) = Y 3kBy sin <2x> = 24 sin(3mx)
k=1
So 3-6- Bg L 24 and B, =0 else. (2 points)

u(z,t) = Az cos (3 - 3t)sin (;)x) + Bgsin (3 - 6t) sin (gm)

4
= 20 cos (9t) sin (;yg) + 3 sin (18t) sin(3x) (1 point)



