Fachbereich Mathematik der Universitit Hamburg SuSe 2022
Prof. Dr. J. Behrens

Dr. H. P. Kiani

S. Onyshkevych

Differential Equations II for Engineering Students

Work sheet 7

Exercise 1:

Given the following initial boundary value problem for u = wu(z,t):

X
Uy — Mty = et (1—5) ze(0,3),t>0,
u(z,0) = 1+ 2sin(mx) z € 0,3,
w(z,0) = g z € (0,3), (1)
u(0,t) = e t >0,
u(3,t) = 1 t>0.

a) Show that the homogenization of the boundary data according to
., T .
=u-— ——(1-
v=u—e 3( e")

leads to the following initial boundary value problem for v :

Vg — 4Upp = 0 z € (0,3),t>0,
v(x,0) = 2sin(mz) z €0, 3],

v(x,0) =1 z € (0,3), (2)
v(0,t) =0 t>0,

v(3,t) = 0 t>0.

b) Solve the initial boundary value problem (2) from part a) and compute the solution to
the initial boundary value problem (1).

Solution:
a) With v =u—e""— g(l —e7 ") it holds

x x
g —_ —t 1 _— = — —t 1 —_—
up =1 —e ' 3), uy = vy + e 3

New differential equation:

)7 Vpx = Ugg-

v+ e (1 — g) vy, = e (1 — g) = vy — vy, = 0.
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New initial and boundary values:

v(z,0) = u(x,0) — e’ — %(1 —€%) = 1+ 2sin(rx) — 1 = 2sin(rz),
ve(x,0) = uy(z,0) + e — % ¥ =1,

v(0,t) = v(3,t) = 0.

b) Every function
v(z,t) = Z (A cos(ckwt) + By sin(ckwt)) - sin(kwx) w=
k=1
with ¢ =2, w= 3.

fulfills the boundary conditions and the differential equation.

The initial conditions remain to be fulfilled. The first one for n — oo

v(z,0) = g (A, cos(0) + By sin(0))-sin (’”%) - g Ay sin (’%””) = 2sin(rz)  x € [0,3]

The coefficients A can be obtained straightforwardly:
Az =2, Ar=0 VEk# 3.

The second initial condition requires:

v(z,0) = Z ckwBy, - sin(kmx) =1
k=1

With the Fourier coefficients of the (discontinuous) odd continuation of wv;(z,0)

3
_cos (@)
3 k 2 2
by, = % /0 sin (%) de = 3 T?) = H(COS(O) — cos(k))

3

one obtains

By = 52b, = 52 - 2(cos(0) — cos(km)) = 55 (1 — cos(k)).
So it holds:

- 2k k
v(z,t) = 2cos (2nt) sin(mx) + Z ]{5;2 (1= (=1)¥)sin (Tﬂt) . gin (%x) _

k=1
The solution to the original problem is then

Z(1—et).

u(z,t) =v(z,t) +et + 3
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Exercise 2:

For the numerical solution of a differential equation for w(z,t), = €]0, (n+1)Az[,t > 0 with
given initial data at ¢ = 0 and boundary data at * =0 and z = (n + 1)Az the following
grid is defined

zj =7 Az, 7=0,1,....,n+1, t, =m - At, m=20,1,2,...
7
Which PDEs are approximated by the following difference equations with the corresponding
initial data (m = 0) and boundary data (j =0 or j =n+1)7

For j=0,...,N and m= 1,2,3...:

u”" is an approximation of w(xj,t,,).

umt ut — u
J J J J=l
a) +c = 0,
At Ax
S Wl !
J J J J _
b) +c =0,
At Ax
m+1 m m—1 m+1 m+1 m+1
0 u; 2ui + u; _ U ATA N
2 2
At Ax?,
m+1l _ . m m __ ,m m m m
Q) u; uj L U U Uiy 2u" + ujt,
At 2Ax Ax?
umtt — ul" —uly u"_ﬁl —2u
e) -2 iy o =1 7 J J
At Az Ax?

For which difference equations can the data at time point m + 1 be calculated directly if
the data at time m is known? So which method is an explicit method?

Solution:

u + cu, = 0, explicit.

uy + cu, = 0, implicit.

)
)

C) Uy = Uy , implicit.
) Uy + Cup = Uy , explicit.
)

U + ClUy = Uy, , iIMplicit.

Discussion: 11.07. — 15.07.2022



