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Exercise 1: (Vibrating String)

Solve the initial boundary value problem

Uy =  ClUyy for 0<z<1,t>0,
w(0,t) = wu(l,t) =0 for t>0,
u(z,0) = 0 for 0<uz <1,
1, +<z<i
w(@0) = ¢ BETEW
0 else,

using the suitable product ansatz.
You will get a Fourier series as the solution. Plot the partial sums of the first 20 non-vanishing
summands of this series for ¢ =2, z €[0,1],2 € [0,0.4] and t € [0,2].

Solution:

Product ansatz  u(z,t) = X(z)-T(t) givesus X(z) - T(t) = X" (z)-T(t),
X" T )

Hence we have : 027 =7 =" A2, X'= - )X and T = — AT

The homogeneous boundary conditions yield

u(0,t) =X(0)T(t)=0 Vi>0 = X(0)=0VvT=0

w(l,t) =X(1)T(t)=0 Vi>0 = X(1)=0VvVT=0

For the nontrivial solution we obtain the following boundary value problem:

X"(z) = —AX(z), X(0)=X(1)=0

with the already familiar solutions:

Xp(z) = sin(hws)  w=7/1, A= (k—”)Q = (kw)?, keN

For T we have T = — AT = — (ckw)*T
Ty (t) = Ay cos(ckwt) + By sin(ckwt)

Every function — wug(z,t) := Tk(t)- Xp(z) solves the homogeneous wave equation and fulfills
the boundary values. Hence all linear combinations of these functions do as well:

u(z,t) = Z (A cos(ckwt) + By sin(ckwt)) - sin(kwx)

k=1
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The initial conditions remain to be fulfilled. First one for n — oo yields

Z (A, cos(0) + By sin(0)) - sin(kwz) Z Agsin(kmz) =0  z € 0,1]
k=1
So we obtain A, =0, Vk € N

From the second initial condition we have

S 1, L<ag<i
u(x,0) = Z ckm By - sin(kmx) = vo(z) = 20 >T>1p
k=1

! x € [0,1]
0 else
We compute the Fourier coefficients of the odd, 2-periodic continuation of v,

1

! 2 k k
b = 2/0 vo(z) sin(krx)dx = 2 /21010 sin(kmx)dr = o |cos 2—70T — cos 1—7(;
: by,
With B, = — we have
ckm
2 «— 1 k k
u(z,t) = ﬁk: 7 |cos 2—75 — cos 1—3 sin(ckwt) - sin(kwx)
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Exercise 2:

We are looking for an approximation of the solution to the following problem

Ut = Ugy 336(0,277'),t>0,
T

O<zx<—

T T 5

0) "< <%

=< T—x — << —

u(z, g 5
T — 27 §<x<27r

ur(z,0) =0 z € (0,2m)
u(0,t) = u(2m,t) = 0 t>0

Sketch the 27 -periodic continuation of the initial data for x € [—2m, 4x7].

Determine an approximation « to the solution u of the problem using first three terms of
the Fourier series.

Check which boundary and initial conditions are already fulfilled by this approximate solu-
tion.

Solution:

General solution:

u(z,t) = (A, cos(ckwt) + By sin(ckwt)) - sin(kwz)
k=1
With w=7 = 7~ and ¢=1. Hence
= k k k
= A —t B sin(— .sin(—
u(z,t) ; ( k COS<2 ) + B sm(2 t)> sm(2 x)
— k : ko
u(z,0) = Z 3 (— A sin(0) + By cos(0)) - sm(§ r) =0= By,=0,Vk
k=1
- ko .k
u(z,t) = ; Ak COS(E t) sm(§ x)
T
N ) x O<m<%
: , ! T T
with u(x,O):ZAKsm(§x): T—x 5 <<
k=1 3
T —2m 5 <z <2
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So we have:

1 21
Ay = —/ up () sin( )d:r;
T Jo

1 3mw/2 k 2T k
= — / xsin(= z)dr + / (m — z)sin(zx) dz + / (x — 2m)sin(=x) dz
T | Jo 2 3 2

/2 /2

w/2 2 k
—l—/o ECOS(E:L’) dx

3T
e [ 7 - o]

3=

k
[ COS 5.73

k
2

_ (x—27r)%cos,(§x)}27r n {(%)QSm(gm]%)

3m
- 2

= e (s =)

The first three coefficients are the following

8 (.  m 3m 4
A2 = E (Sln<§) - sm(;)) = ;,
8 3m . 9w
Ag = % (Sln(z) - Sln(z)) =

The approximation using the first three terms is given by

4
(z,t) = ug(x,t) = — cos(t) sin(x).
s
4
We have uz(x,0) = —sin(x).
s
The first initial condition for u is hence fulfilled only approximately (see plot). The second
initial condition is fulfilled as well as the boundary conditions.

Regarding the boundary conditions, any other outcome would have been a sure indication
of a calculation error!
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- =:u(x,0)

———:u (x,0)

Discussion: 11.07.-15.07.2022



