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Exercise 1:

From Lecture 9 we know d’Alembert’s formula

o) =5 (ot e+ fo—c) + oo [ gla)da

—ct

N | —

for solving the initial value problem for the (homogeneous) wave equation

Gy — C*lige = 0, 0(x,0) = f(x), 4:(x,0) = g(x),  €R, ¢ > 0.

The function

1 t z—c(T—t)
w(z,t) = —/ / h(w, T) dwdT (1)
2c 0 x4c(r—t)
solves the following initial value problem

Uy — Cllge = h(z,t) a(z,0) = @(x,0) = 0. (2)

(Proof: Leibniz formula for the derivation of parameter-dependent integrals)

The initial value problem is to be solved
Uy — 4y, = 6x8int, reR, t>0

u(z,0) = x, z € R, u(z,0) = sin(z), x € R
a) Compute the solution @ to the IVP
ﬂtt—47)m:O, $€R,t>0
w(z,0) = x, z € R, t(z,0) = sin(x), x € R.
b) Compute the solution @ to the IVP

Uy — 44Uz, = 6xsint, reR, t>0

(z,0) = 0, x € R, t(z,0) = 0,z € R
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¢) By inserting u into the differential equation and checking the initial values, show that
u = %+ 4 solves the initial value problem (2).

Solution:

a) Solution of the homogeneous differential equation with the non-homogeneous initial
values following d’Alembert formula

1 T+2t 1
u(z,t) = 5 (z+2t+2—2t)+ 1 / sin(n)dn = = + 3 sin(z) sin(2t)
r—2t

b) The solution of the original problem consists of the two partial solutions

¢) solution of the non-homogeneous differential equation with homogeneous initial values
1 t z—2(1—t) 3 t PV
(z,t) = 1 /0 /m+2(7t) 6w sin(7) dwdr = 1 /0 sin(7) [MZLQET_E; dr
3 t t
=1 / sin(7) (=8z(1 — t)dr = 633/ tsin(r) — 7sin(r)dr
0 0
t
= 62t(1 — cos(t)) + 6z [ cos(T)], — 6 / cos(T)dr = 6z(t — sint).
0
together with:

1
u(z,t) = 6x(t —sint) + x + 3 sin(x) sin(2t)

Test:

u(x,0) = 62(0 —sin(0)) + = + % sin(z) sin(0) = «z,

ug(x,t) = 6x(1 —cos(t)) + 0 + % sin(z)2 cos(2t) = 6x(1 — cos(t)) + sin(x) cos(2t)
u(z,0) = 62(1 — cos(0)) + sin(z) cos(0) = sin(x)

1
Upe = 04+ 0 — 3 sin(x) sin(2t) (since the first two summands of u are linear in z,

one only has to derive the sine term twice).

uy = 6z sint — 2) sin(x) sin(2t)

Uy — Ay, = 6z sint — 2 sin(z) sin(2t) — 4 - (-1 sin(z) sin(2t)) = 6z sint.
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Exercise 2:

a) Using a product ansatz, derive the series representation given in lecture 10 (page 18)
for the solution of the following Neumann problem.

U = Ugg, O<z<1,t>0,
u(z,0) = g(x), 0<z<l,
u(0,t) = wu,(1,t)=0 t>0.

b) Solve the initial boundary value problem a) with g(x) = 27z — sin(27x) .
Hint: 2sin(«) - cos(8) = sin(a + 3) + sin(a — ) .

Solution:

a) Short version: From the lecture we know that the ansatz wuy(z,t) = v () - wi(t) with
L =1 leads to

vg(x) = cos(kmz), and wi(t) = e ke Ny
Very long version: The ansatz u(x,t) = v(zx) - w(t) yields:
V' ==Xv, w=- w, V(0)=0(1)=0.
Case distinction under the condition that the solution does not vanish:
A=0=v(x) =ag+ bz, v =0by=0
= vo(z) = ag .
A< 0= 0v(z) = ae¥ " 4 be VA

V'(0)=0<=a=b
V(1) =0 = avV—A(e¥ ™ —e V) =0
— (u=0)V (eﬁ:e e\ = ) Contradiction!
A>0=v(z) = (VAz) + bsin(VA )

<~ b=0
— (u=0)V (sin(VX) =0 <=\, = k*7?).

So overall we get

vp(z) = cos(kmzx), k€ Ng.

One can easily calculate for the time component
wk(t) = €_k27r2t, ke Ng.

So as a series representation for the solution one has

+Zae Frt cos(kma) .

To fulfill:
ag
u(z,0) = ) + E ay cos(kmz) .

k=1
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To determine the coefficients, ¢ is continued evenly and 2— periodically and the Fou-
rier coefficients are determined

1
ay = 2/ g(x) cos(kmzx)dx .
0
b) For k ¢ {0,2} one computes for g(z) = 2rx — sin(27x) .
1
ap =2 / (2mx — sin(27x)) cos(kma) dx
0

1 1
=2 / 2rx cos(kmx) dx — 2 / sin(27zx) cos(kmx) dx
0 0

: 1 1 1
= 4nx sinkrz) |© 4 / sin(kmz) dx — / sin(2nx + krx) + sin(2nx — krx) dx
T 0 km 0
4 vcos((k+2)mx) |t cos((—k + 2)mx) |1
— — cos(k
o oSkl o Y T o

4 (cos(km) — 1) + (cos((k+2)m) —1) — <ﬁ cos((—k +2)m) — 1)

k27

4 1 1
= 1 ((-1)F —1) — ((k: T 2)7T) (cos(km) — 1)

4 4 N (16 (1= (=1)F)
B (k27r N (k:2—4)7r> (=07 =) = ( k- (k2 — 4)r )

For £ =0 we have

1
(k+2)m

1
ap = 2 / 2rx — sin(2mx) dr = 27
0

and for k=2

1
as =2 / 2mx cos(2mx) — sin(2wx) cos(2mz)dx
0

_ 4 ((-1)*-1) - /0 sin(4mz)dz = 0.
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