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Exercise 1:

a) Solve the initial value problem

Ut = Uz, on R?,
u(z,0) = 2sin(drz) x €R,
u(z,0) = cos(mx) r €R.

b) Given the problem
Uy = Nyp, forxeR, t>0,

u(x,o>:f<x>={2 o

u(z,0) = 0.

Sketch the obtained solution using d’Alembert’s formula for

0 otherwise,

t=0,

L=
wIN

1.

) )

D=

Solution:

a) Using d’Alembert we have

u(x,t) = sin (4n(x +t)) + sin (dn(x —t)) + 2% /: cos(mn)dn

sin(mn) [+

2T

= 2sin(47x) cos(4nt) +

= 2sin(4nz) cos(4nt) + % (sin (m(x +t)) — sin (7(x — 1))

= 2sin(4nz) cos(4nt) + % (cos (mx) - sin (7t)) .

1
b) D’Alembert’s formula yields wu(z,t) = 5 (f(z+3t)+ f(x —3t)). So we obtain
2 if —1<z—-3t<land —1<zx+3t<1
u(z,t) =491 if —1<z-3t<lor—1<x+3t<1 with exclusive or
0 otherwise
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For example, one obtains for ¢t =1/6 :
r—3t=x—05¢€[-1,1] <=z € [-0.5,1.5] and
r+3t=x+05€[-1,1] < x € [-1.5,0.5]

and hence
2 for z € [-0.5,0.5]

1 forze[-15-05)orz € (0.5 1.5]

0 otherwise

u(z,

The solution for the other ¢ values is calculated analogously.
2 forz=0
wz,z)=41 forxze[-2,0)orzxe(0,2]
0 otherwise
2, J1 forxe[-3,—1]orzell,3
0 otherwise

(2.1) 1 forze[—4,-2]orz € [2,4]
u(x, 1) =
0 otherwise

The original (angular) wave clearly breaks up into two waves running in opposite
directions.

af 4

3r 3

=0
2F 2
t=1/6
s 1t s 1
0 0

2r 2
=13 t=2/3

s 1r s 1

0 0
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Exercise 2:

The following problem is given for wu(z,y,t).

Ut = Ugg + Uy, z,y € (0,m), t >0,
u(0,y,t)) = u(m,y,t) =0, fory € (0,7), t >0,
u(z,0,t)) = u(x,m,t) =0, for z € (0,7), t > 0,

1
u(z,y,0) = 3 (sin(2z) + sin(z)) sin(y) for x,y € (0, ).

a) Using the ansatz u(z,y,t) = T(t) - X(x) - Y(y) for the solution of the differential
equation, derive three decoupled ordinary differential equations for X, Y and T'.

b) Derive first from the boundary values

u(0,y,t) = u(m,y,t) =0,  foryel0,n], t>0,
u(z,0,t) = u(x,mt) =0, forx e [0,x], t >0,

the boundary conditions for the solutions of the differential equations for X and Y,
and solve the obtained ordinary boundary value problems for X and Y .

Then determine the appropriate functions T'(t).

c¢) Determine a series representation of the solution u to the original problem and fit it
to the initial values

1
u(z,y,0) = 3 (sin(2z) + sin(x)) sin(y) for z,y € [0, 7].
How does the solution behave for ¢t — oo ?

Solution:

a) We use the ansatz u(x,y,t) = T(t) X (z)Y (y). Hence we get:

T-X-Y=TX"-Y+X-Y")

T X" Yy

TTx Ty

T X Y

S - (N
T X y ~ H

u(0,y,) = X(0)- Y (y) - T(t) = 0= X(0) = 0,
u(r,y,t) = X(m) - Y(y) - T(t) =0 = X(7) =0,
u(z,0,t) = X(z)-Y(0)-T(t)=0= Y(0)= 0,
u(z,mt)= X(z) - Y(r) - T(t)=0= Y ()= 0
For X one has
X//
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The solutions of this BVP have already been derived several times. They are
Xi(z) = ag sin(kx), ke N.

From the BVP for Y

Y?” =u—XY(0)=Y(r)=0.=Y(y) = b sin(\/A — py) + by cos(\/ A — py)

we obtain

Y (y) = by sin(v/A — py) + by cos(vA — py), Y(0) =0 = by =0,
Y(m) =bysin(y/A—pur) = 0= /A—pu =ne N.

With p, = k? we have A = pp +n%=k*>+n? and

Y, () = by sin(y/A — py) = by sin(ny), n e N.
What remains is the differential equation for T’
T=-\X= T(t)=c-e™
or in terms of X, Y, with A\, = k? + n?

Tk (t) = Ck 6_(k2+n2)t .

Following part a) and b) the functions

Uy = cp e~ MR sin(kxz)b, sin(ny) = Qe TR sin(kz) sin(ny)

solve the differential equation and fulfill the boundary values. Because of the linearity of
the problem, every linear combination of such solutions is again a solution. Transition
to an infinite number of summands (without checking the convergence) results in the

solution ansatz

Z Z ane” T gin (k) sin(ny)

k=1 n=1

1
The initial value u(x,y,0) = 5 (sin(2z) + sin(x)) sin(y) for z,y € [0, 7] yields

aj1 = ag; = 1/2 and ag, = 0 otherwise. The solution reads as (can be confirmed by

test substitution)

—2

1
u(z,y,t) = 3¢ "sinzsiny + 56_& sin(2x) siny .

It holds for ¢ — oo because of the boundedness of the sine terms and

lim e % = lim e~ = 0 it obviously tends to zero.
t—o0 t—o0



