
Fachbereich Mathematik der Universität Hamburg SoSe 2022
Prof. Dr. J. Behrens
Dr. H. P. Kiani
S. Onyshkevych

Differential Equations II for Engineering Students

Work sheet 5

Exercise 1:

Using a suitable product ansatz, solve the following Dirichlet boundary value problem for
the Laplace equation on the circle r2 = x2 + y2 ≤ 9 .

r2urr + rur + uϕϕ = 0 0 ≤ r < 3

u(3, ϕ) = cos2(ϕ) ϕ ∈ R.

Hints:

To solve Euler’s equation
r2 · g′′(r) + ar · g′(r) + b · g(r) = 0 use the ansatz g(r) = rk .

It holds: cos2(ϕ) =
1

2
(1 + cos(2ϕ) ) .

Solution sketch:

By inserting the product ansatz: u = v(r) ·w(ϕ) into the Laplace equation in polar coordi-
nates we obtain

r2urr + rur + uϕϕ = 0

r2v′′w + rv′w + vw′′ = 0 =⇒ r2v′′ + rv′

v
= − w

′′

w
= λ

The solutions of w′′/w = −λ depend on the sign of λ , but only 2π –periodic solutions are
possible here:

wk(ϕ) = c1 cos(kϕ) + c2 sin(kϕ), λ = k2 k ∈ N0

For v we then get the (Euler’s) differential equation

r2v′′ + rv′ − k2v = 0

For k = 0 we have the solution v0 = a0 + b0 ln(r) .

For k 6= 0 using the ansatz v = rm we have two solutions vk = rk and ṽk = r−k .

Since the solution should be defined in a circle around zero, i.e. it should remain restric-
ted, the negative powers and the ln – terms are not possible here. So we get the solution
representation:

u(r, ϕ) = a0 +
∞∑
k=1

(ck cos(kϕ) + dk sin(kϕ)) rk .
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The boundary data gives us a condition

u(3, ϕ) = a0 +
∞∑
k=1

(ck cos(kϕ) + dk sin(kϕ)) 3k

= cos2(ϕ) =
1

2
(1 + cos(2ϕ) ) .

A coefficient comparison then yields the solution

u(r, ϕ) =
1

2
+

r2

18
cos(2ϕ) .
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Exercise 2:

Determine the solution to the initial boundary value problem (IBVP)

ut − uxx = sin(x) t 0 < x < π , 0 < t ,

u(x, 0) = 4 sin(3x) + x
π

0 ≤ x ≤ π,

u(0, t) = φ1(t) = 0 0 ≤ t,

u(π, t) = φ2(t) = 1 0 ≤ t.

Note: First homogenize the boundary conditions by using the function

v(x, t) = u(x, t)− φ1(t)−
x− a
b− a

(φ2(t)− φ1(t))

with a = 0 and b = π and then replace the u –expressions with corresponding v –
expressions. You get e.g.

ut = vt + φ̇1 +
x− a
b− a

(
φ̇2 − φ̇1

)
.

Solution:

Step 1: Homogenization of the boundary conditions

v(x, t) = u(x, t)− ϕ1(t)−
x− 0

π − 0
(ϕ2(t)− ϕ1(t)) = u(x, t)− x

π

New IBVP:
vt − vxx = sin(x) t

v(x, 0) = u(x, 0)− x

π
= 4 sin(3x)

v(0, t) = v(π, t) = 0

Step 2: Solving the homogeneous IBVP

With ω = π
L

= 1 and c = 1 we make an ansatz

v(x, t) =
∞∑
n=1

an(t) sin (nωx) .

Every function an(t) sin (nωx) fulfills the homogeneous boundary conditions. Thus, every
sum of these functions also satisfies the homogeneous boundary conditions.

Inserting the ansatz into the differential equation and Fourier expansion of the odd, 2L− periodic
continuations of the right-hand side yield the ordinary differential equations

ȧn(t) + cn2ω2an(t) = cn(t), an(0) = bn

bn : Fourier coefficients of the odd 2L− periodic continuation of v(x, 0) :

4 sin(3x) =
∞∑
n=1

bn sin (nx)

Hence bn = 0, ∀n 6= 3, b3 = 4 .

cn(t) : Fourier coefficients of the odd, 2L− periodic continuation of h(x, t) :

sin(x) t =
∞∑
n=1

cn(t) sin (nx)
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Hence cn(t) ≡ 0, ∀n 6= 1, c1(t) = t .

For n /∈ {1, 3} we obtain the initial value problem

ȧn(t) + n2an(t) = cn(t) = 0, an(0) = bn = 0

with the solution an(t) ≡ 0 .

For n = 1 :

ȧ1(t) + 12a1(t) = c1(t) = t, a1(0) = b1 = 0

The associated homogeneous differential equation

ȧ1h(t) + a1h(t) = 0 is obviously solved by e−t .

Using the ansatz

a1p(t) = α + βt we obtain the particular solution of the non-homogeneous problem for a1

a1p(t) = t− 1 . Hence we have

a1(t) = γe−t + t− 1 and a1(0) = γe0 + 0− 1 = 0 =⇒ γ = 1

=⇒ a1(t) = e−t + t− 1

For n = 3 :

ȧ3(t) + 32a3(t) = c3(t) = 0, a3(0) = b3 = 4

=⇒ a3(t) = γ̃e−9t and a3(0) = γ̃e0 = 4

Hence a3(t) = 4e−9t

v(x, t) =
∞∑
k=1

an(t) sin(nωx) = a1(t) sin(x) + a3(t) sin(3x)

=
(
e−t + t− 1

)
sin(x) + 4e−9t sin(3x)

Step 3: Compose the solution

The solution to the original problem is

u(x, t) = v(x, t) +
x

π
= 4e−9t sin(3x) + (e−t + t− 1) sinx+

x

π
.


