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Exercise 1:

Determine the type of the following differential equations

a) uxx + 4uxt − 5utt = 0,

b) 10uxx + 6uxy + uyy = 0

c) 4x2 uxx + 8xy uxy + y2 uyy + 2xux = 0

Solution:

a) uxx − 4uxt − 5utt = 0

1 · (−5)− (−2)2 < 0 hyperbolic

b) 10uxx + 6uxy + uyy = 0

10− 32 = 1 elliptic

c) 4x2 uxx + 8xy uxy + y2 uyy + 2xux = 0

4x2 · y2 − 16x2y2 = −12x2y2 =⇒

parabolic for xy = 0

hyperbolic for xy 6= 0

hyperb. hyperb.
parabolic→ −−−−−−−−−−−−−−→

hyperb. hyperb.

↑
parabolic
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Exercise 2:
Determine all rotationally symmetrical solutions of the following boundary value problem

∆u = − 1√
x2 + y2

for 1 < x2 + y2 < 9,

u(x, y) = 1 on x2 + y2 = 1,

u(x, y) = 2 on x2 + y2 = 9.

Note: Laplace equation in polar coordinates is given by urr + 1
r
ur + 1

r2
uϕϕ = 0 .

Rotationally symmetrical means that it does not depend on φ

Solution:

As in the lecture, for rotationally symmetric problems with
v(r) := u(x(r), y(r)) , w := v′ and right-hand size −f(r) :

v′′ +
2− 1

r
v′ = −f(r) = −r−1 ,=⇒ w′ +

1

r
w = −r−1 =⇒ wh = α/r,

wp = α(r)/r , =⇒ α′(r)/r = −1/r =⇒ α′(r) = −1 =⇒ α(r) = −r + c

=⇒ w(r) = −1 + α/r =⇒ v(r) = α ln(r)− r + β

=⇒ u(x, y) = α ln
(√

x2 + y2
)
−
√
x2 + y2 + β

The boundary data gives us for x2 + y2 = 1 :

u(x, y) = −1 + β = 1 =⇒ β = 2

and for x2 + y2 = 9

u(x, y) = α ln(3)− 3 + 2 = 2 =⇒ α = 3/ ln(3)
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Exercise 3: Only for very fast students

a) Let u be the solution of the boundary value problem

∆u = −1 |x| < 1, |y| < 1,
u(x, y) = 0 |x| = 1 or |y| = 1

and v(x, y) = u(x, y) +
1

4
(x2 + y2) .

Show that v(x, y) solves Laplace equation, and determine the upper and lower bounds
for u(0, 0) .

b) Let u(x, y) is a solution to the problem:

∆u = 0, in Ω := ]0, 2[× ]0, 1[

u(x, y) = 3x2 on ∂Ω .

Determine, without computing u , for each of the following statements whether it is
true. Explain your answers.

• It holds max(x,y)∈Ω̄ u(x, y) = 2 .

• It holds min(x,y)∈Ω̄ u(x, y) = 0 .

• u(x, y) = 3x2 − 3y2 is a solution to the boundary value problem.

Solution:

a) It holds

vxx + vyy = uxx +

(
1

4
(x2 + y2)

)
xx

+ uyy +

(
1

4
(x2 + y2)

)
yy

= ∆u+
1

4
(x2)xx +

1

4
(y2)yy = −1 +

1

2
+

1

2
= 0 .

So the function v fulfills Laplace equation. It attains its minimum and maximum on
the boundary of rectangle [−1, 1]× [−1, 1] . There it holds

v(x, y) = u(x, y) +
1

4
(x2 + y2) ≤ 0 +

1

4
(12 + 12) =

1

2
.

and

v(x, y) ≥ 0 +
1

4
(it is always |x| or |y| = 1 .)

So in the entire rectangle it holds
1

4
≤ v(x, y) ≤ 1

2
.

Hence we obtain u(0, 0) = v(0, 0) ∈ [
1

4
,

1

2
] .

b) The first statement is false because, for example, u(1, 0) = 3 > 2 .

The second statement follows from the maximum principle.

u(x, y) = 3x2 − 3y2 is a solution to the differential equation, but it does not satisfy
the boundary conditions.


