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Exercise 1: Given a differential equation

2uxx + 4uxy + 2uyy +
√

2(ux + uy) = 0 .

a) Determine the type of the equation.

b) Transform the equation to its normal form.

c) Determine the general solution of the transformed differential equation and perform
the backwards transformation.

Solution:

a) 2 · 2− 22 = 0 . It is a parabolic differential equation.

b) In the matrix form:

(∇TA∇)u+ (bT∇)u = 0, A =

(
2 2
2 2

)
Characteristic polynomial: (2− λ)2 − 4 = 0 =⇒ λ1 = 0, λ2 = 4 .

The eigenvector w 1 = 1√
2

(
1
−1

)
for eigenvalue 0 can be obtained straightforwardly.

The eigenvector w 2 for eigenvalue 4 is orthogonal to w 1 . So w 2 = 1√
2

(
1
1

)
.

So we obtain the transformation:

S = 1√
2

(
1 1
−1 1

)
,

(
η
τ

)
= ST

(
x
y

)
= 1√

2

(
1 −1
1 1

) (
x
y

)
=

(
x−y√

2
x+y√

2

)
We define ũ(η, τ) = ũ(η(x, y), τ(x, y)) = u(x, y) . It holds:

∇xy =

(
∂
∂x
∂
∂t

)
= S · ∇ητ = 1√

2

(
1 1
−1 1

)(
∂
∂η
∂
∂τ

)
= 1√

2

( ∂
∂η

+ ∂
∂τ

− ∂
∂η

+ ∂
∂τ

)
so ux + uy =

√
2ũτ

So we obtain a new differential equation

4ũττ + 2ũτ = 0 ⇐⇒ ũττ +
1

2
ũτ = 0
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c) To determine the general solution we define z(η, τ) = ũτ (η, τ) . Thus, we obtain

zτ = −1
2
z ⇐⇒ dz

dτ
= −z

2
⇐⇒ dz

z
= −dτ

2
⇐⇒ ln |z| = −τ

2
+ k(η) ⇐⇒

z = K(η) · e
−
τ

2

Integration w.r.t τ gives (with f(η) = −2K(η)

ũ(η, τ) = f(η)e
−
τ

2 + g(η)

or

u(x, y) = f

(
x− y√

2

)
e
−x+y

2
√

2 + g

(
x− y√

2

)
.

Alternative solution:

4ũττ + 2ũτ = 0 ⇐⇒ ũττ + 1
2
ũτ = 0

Characteristic polynomial:

λ2 + 1
2
λ = 0 =⇒ λ1 = 0, λ2 = −1

2

General solution:

ũ(η, τ) = c2(η) + c1(η)e
−
τ

2

u(x, y) = c1

(
x− y√

2

)
+ c2

(
x− y√

2

)
e
−x+y

2
√
2 .
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Exercise 2:

Given the initial value problem

utt + uxt − 2uxx = 0 for x ∈ R, t ∈ R+

u(x, 0) = cos(x) for x ∈ R,
ut(x, 0) = −4 sin(x). for x ∈ R.

Solve the problem using the substitution α = x+ t, µ = x− 2t .

Note: The procedure is analogous to the derivation of the solution to the Cauchy problem
for the wave equation from the lecture. Alternatively: convert the derivatives in terms of x, t
into derivatives in terms of α, µ .

Solution:

Using the substitution α = x+ t , µ = x− 2t we obtain

x =
1

3
(2α + µ), t =

1

3
(α− µ),

so

u(x, t) = u

(
1

3
(2α + µ),

1

3
(α− µ)

)
=: v(α, µ)

Further, it holds

vα =
2

3
ux +

1

3
ut

vαµ =
2

3
· 1

3
uxx +

2

3
·
(
−1

3

)
uxt +

1

3
· 1

3
utx +

1

3
·
(
−1

3

)
utt

= −1

9
(utt + uxt − 2uxx) = 0

Hence it follows
v(α, µ) = φ(α) + χ(µ)

and
u(x, t) = v(α, µ) = φ(x+ t) + χ(x− 2t)

with sufficiently smooth functions φ and χ . From the initial values we obtain two conditions

u(x, 0) = φ(x) + χ(x)
!

= cos(x) as well as

ut(x, 0) = φ′(x)− 2χ′(x)
!

= −4 sin(x) ⇒ φ(x)− 2χ(x)
!

= −4

∫ x

x0

sin(z) dz.

Adding twice the first equation to the second equation, we get

3φ(x) = 2 cos(x) + 4 cos(x)− 4 cos(x0).

Subtracting the two conditions leads to

3χ(x) = cos(x)− 4 cos(x) + 4 cos(x0).
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The solution to the initial value problem is therefore given by

u(x, t) = 2 cos(x+ t)− cos(x− 2t).

Alternative solution:

Using the substitution α = x+ t, µ = x− 2t, v(α, µ) = u(x, t) we obtain

ux = vα · αx + vµ · µx = vα + vµ

ut = vα · αt + vµ · µt = vα − 2vµ

uxx = vαα · αx + vαµ · µx + vµα · αx + vµµ · µx = vαα + 2vαµ + vµµ

uxt = vαα · αt + vαµ · µt + vµα · αt + vµµ · µt = vαα − vαµ − 2vµµ

utt = vαα · αt + vαµ · µt − 2vµα · αt − 2vµµ · µt = vαα − 4vαµ + 4vµµ

utt + uxt − 2uxx = −9vαµ = 0 ⇐⇒ vαµ = 0

Hence we obtain

vα = φ(α) =⇒ v(α, µ) = Φ(α) + Ψ(µ) =⇒ u(x, t) = Φ(x+ t) + Ψ(x− 2t)

Initial conditions:

u(x, 0) = Φ(x) + Ψ(x) = cos(x), ut(x, 0) = Φ′(x)− 2Ψ′(x) = −4 sin(x)

Differentiating the first equation and subtracting the second equation gives

Φ′(x) + Ψ′(x) = − sin(x) −→ Ψ′(x) = sin(x) .

Substituting into the first equation of the last line gives

Φ′(x) = −2 sin(x) =⇒ Φ(x) = 2 cos(x) + C

u(x, t) = 2 cos(x+ t) − cos(x− 2t) .

For utt + (a+ b)utx + abuxx analogous with substitution α = x− bt, µ = x− at .
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Exercise 3:

a) For which real values of α and for which real-valued functions g : R → R are the
following functions harmonic in R2 ?

i) ũ(x, y) = cos(αx) · e3y , ii) û(x, y) = sin(αx) · cosh(3y)

iii) u(x, y) = 1
2
· (x3 + g(x) · y2) .

b) Let Ω :=
{

(x, y)T ∈ R2 : x2 + y2 < 16
}

and u be the solution of boundary value
problem

∆u(x, y) = 0 in Ω , u(x, y) =
2y2

x2 + y2
on ∂Ω.

Determine the value of u in the origin.

Note: sin2(ϕ) =
1− cos(2ϕ)

2
.

Solution:

a) i) ∆ũ(x, y) = −α2 cos(αx) · e3y + 9 · cos(αx) · e3y .

ũ is for α = ±3 harmonic.

ii) ∆û(x, y) = −α2 sin(αx) · cosh(3y) + 9 sin(αx) · cosh(3y) .

û is also for α = ±3 harmonic. Additionally there is a trivial solution for α = 0 .

iii) ∆u(x, y) = 1
2
· (6x+ g′′(x)y2 + 2g(x)) = 0 ∀y ∈ R2 =⇒ g(x) = −3x .

b) Let K4 be the edge of the disk with radius 4 around zero and

c(t) = (4 cos(t), 4 sin(t)), t ∈ [0, 2π]

a parametrization of K4 . Then it holds because of the mean value property

u(0, 0) =
1

2π · 4

∫
K4

2y2

x2 + y2
d(x, y) =

1

8π

∫ 2π

0

2 · 16 sin2(t)

16 cos2(t) + 16 sin2(t)
· ‖ċ(t)‖ dt

=
1

8π

∫ 2π

0

(1− cos(2t)) · 4 dt = 1 .


