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Exercise 1: Given a differential equation

2y + AUy + 2uy, + ﬁ(ux +u,) = 0.

a) Determine the type of the equation.
b) Transform the equation to its normal form.

¢) Determine the general solution of the transformed differential equation and perform
the backwards transformation.

Solution:

a) 2-2—22=0. It is a parabolic differential equation.

b) In the matrix form:

(VIAV)u + (b V)u=0, A= (g g)

Characteristic polynomial: (2 —A)? —4=0 = A\ =0, \y = 4.

The eigenvector w; = \% <_11) for eigenvalue 0 can be obtained straightforwardly.

The eigenvector w, for eigenvalue 4 is orthogonal to w . So ws = \% (1> .

1

So we obtain the transformation:

. (11 N _or () _ 1 (1 -1 [(=\_ (A
S_\/E<—11’ T_Sy—211 y_%
We define a(n, 7) = a(n(z,y), 7(z,y)) = u(x,y) . It holds:

Vo= (%) =s.v, =21 !
w= 2 )= V= o1

SO Uy + Uy = V2,

So we obtain a new differential equation

1
Ay + 2u, =0 <= ﬂTT+§l~LT=0



Differential Equations II, J. Behrens, SuSe 2022, Homework sheet 4

c¢) To determine the general solution we define z(n,7) = @,(n, 7). Thus, we obtain

2= —t2 = ez = d=_ _dr < In|z| = —Z+k( ) =
T2 - dr 2 z 2 2 g
2= K(n)-e 2
Integration w.r.t 7 gives (with f(n) = —2K(n)
T
a(n,m) = f(ne 2 +g(n)
or

Alternative solution:

Aigr + 20, =0 <= Ury + 30, =0
Characteristic polynomial:

)\2+%)\:O:> )\120,)\2:—%

General solution:

u(n, 7) = c2(n) + ci(n)e

se) = () v e (B2 3,

o[
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Exercise 2:

Given the initial value problem

U + Ugp — Uy = 0 forz €R, t €RT
u(z,0) = cos(x) forx € R,
ui(z,0) = —4sin(x). for x € R.

Solve the problem using the substitution « = x+1t, u = x —2t.

Note: The procedure is analogous to the derivation of the solution to the Cauchy problem
for the wave equation from the lecture. Alternatively: convert the derivatives in terms of x,t
into derivatives in terms of o, (.

Solution:

Using the substitution a« = x +t, u = x — 2t we obtain

1 1
r=3Q2a+p), t=g(a-p)

’ ule,t) = u (—mmé(a - m) — (o)

Further, it holds

2 +1
Vg = —Uys + =U
3 3"
2 1 +2 1 +1 1 +1 1
Vapu = 7 ° SUzz -3 T = T —-|]u
T3 3 3 3) T3 3T g 3"
1
= —= (utt+uxt zumx)zo

Hence it follows
v(a, 1) = ¢(a) + x(p)
and
u(z,t) = v(a, u) = ¢p(x +t) + x(z — 2t)

with sufficiently smooth functions ¢ and y . From the initial values we obtain two conditions
u(z,0) = ¢(x) + x(x) = cos(x) as well as

u(z,0) = ¢'(x) — 2 (x) =4 sin(z) = ¢(x) — 2x(x) = 4 /ﬁt sin(2) dz.

zo

Adding twice the first equation to the second equation, we get
3¢(z) = 2cos(x) + 4 cos(z) — 4 cos(zp).
Subtracting the two conditions leads to

3x(x) = cos(x) — 4 cos(x) + 4 cos(zp).
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The solution to the initial value problem is therefore given by
u(x,t) = 2cos(x +t) — cos(xz — 2t).
Alternative solution:
Using the substitution o = z+t, u = x —2t, v(a, ) = u(x,t) we obtain

Uy = Vo - Qg + Uy~ g = Vo + Uy
Up = Vo " O + U+ fly = Vo — 20,
Uy = Uaa'ax+vau'ﬂx+vua'ax+vpu'ﬂx = Uaa+2vozu+vuu
Ugt = Uaa'at+vau'ﬂt+vua'at+vuu'ut = Uaa_vocu_2vuu

Ut = Voo * O + Vap * Mt — 2U,ua s Oy — QU,LL,LL Ut = Vaa — 4Ua,u + 47}##

Ugt + Upp — 2Ugy = =YV, =0 <= v, =0

Hence we obtain

Vo = Pla) = v(a,p) = P(a) + ¥(u) = u(x,t) =P(x+1t)+ V(z — 2t)
Initial conditions:

u(z,0) = ¢(z) + ¥(x) = cos(x), u(x,0) = &' (x) — 20’ (x) = —4sin(z)
Differentiating the first equation and subtracting the second equation gives

' (z) + ¥'(z) = —sin(z) — V'(x) = sin(z).
Substituting into the first equation of the last line gives
P'(r) = —2sin(z) = P(x) = 2cos(z) + C

u(x,t) = 2cos(z +t) — cos(z — 2t).

For uy; + (a + b)uy, + abu,, analogous with substitution o =x —bt, u = x — at.
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Exercise 3:

a) For which real values of a and for which real-valued functions g : R — R are the
following functions harmonic in R??

i) u(z,y) = cos(azx) - e, i) a(z,y) = sin(ax) - cosh(3y)

i) u(z,y) = 3-(@°+g(x) - y*).

b) Let @ := {(z,y)" € R?: 2 +y* <16} and u be the solution of boundary value

problem

Au(z,y) =0  inQ (z,y) 2 o9

u(z,y) = in Q, u(z,y) = —— on :
y V= p
Determine the value of u in the origin.
1-— 2
Note: sin®(p) = w.
Solution:
a) i) Au(z,y) = —a?cos(az) - e¥ + 9 - cos(az) - % .

w is for a« = £3 harmonic.

ii) Ad(z,y) = —a?sin(ax) - cosh(3y) + 9sin(az) - cosh(3y) .

@ is also for @ = £3 harmonic. Additionally there is a trivial solution for @ =0.
iii) Au(z,y) = 5 - (62 + ¢"(x)y* + 2g9(x)) = 0 Vy € R? = g(z) = —3z.

b) Let K, be the edge of the disk with radius 4 around zero and
c(t) = (4dcos(t), 4sin(t)), t €[0,2n]
a parametrization of K. Then it holds because of the mean value property

1 2y 1 [  2-16sin’(¢)
0,0) = d ) = o_ - le()|] dt
u(0.0) 2m -4 /K4 z? + y? (=:9) 81 /0 16 cos?(t) + 16 sin?(t) le@l

1 2w

— = i (1 —cos(2t))-4dt = 1.



