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Exercise 1:

Determine the entropy solution to Burgers’ equation u; + uu, = 0 with the initial data

0 x <0 2 x <0
a) u(z,0)=1<1 0<z<1 and b) u(z,0) =<1 0<z<2
2 I<u 0 2<zx

Solution sketch:

a) u;+uu, =0
0 z <0

u(z,0) =4q1 0<z<l1

2 r>1
—  two rarefaction waves
oL
Hl w0 u=x/t u=1
A u=(x-1) /t u=2
~ 05f
0
-05}
b
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0 <0
7 0<x<t
u(z,t) =<1 t<x<t+1
= t4+1<e<2A+1
(2 x>2t+1
b) wu; +uu, =0
2 <0

0 T > 2
2 shock waves:
2+1 3
s1(t) with s1(0) =0 51(t) = % =5
3
Sl(t) = Et
0+1
so(t) with s5(0) =2 &(t) = % —1/2
t
SQ(t) = 2 —+ 5
for t =2 is s1(t) = so(t)
—  new shock wave
. . 240
s3(t) with s3(2) = s1(2) = $2(2) =3 53(t) = = 1 so
Sg(t) =t+1
for t <2
(2 < 3t
x —
5 2
t
u(x,t) =<1 <z <24+ -
(2,1) 2_x; +5
0 > 2+ -
\ o + 2
for t > 2
2 r<t—+1

u(z,t) =
0 xr>t+1
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u=2
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Exercise 2)

= 0,

. . . 4
Given a conservation equation wu; + (11‘—6>
x

reR, teRT.

a) Are the characteristics (x(t),t) straight lines? Explain your answer.

b) Given the initial data u(x,0) = 2 + arctan(z), x € R . Determine the characteristic

through the point (0,0).

¢) Check which of the functions u*, @, @ given below is the (weak) entropy solution for

the initial values
for x <0,

forx >0

u(z,0) = {?

“(2,1) 2 fora:‘ﬁ%t, i, 1) 2
u (x, = u\x, ==

1 forx>%t. 1
for x <0,

u(r,t) = q2—-%2 for0<ax<t,
for x > ¢.

Solution sketch:

a) For the characteristics, on one hand, we have

3—1; = 0 = wu is constant along the characteristics.

On the other hand, the characteristics have slope ‘fi—f =

15
for x < 34t,

15
for x > et

So the slope of the characteristics is constant. Hence they are straight lines.

b) The characteristic through the point (0,0) is a straight line (z(t),t) through (0,0)

with

2 tan(0))?
x(t) = "(040)3 = 2+ arZ an(0)) = 2, so the line x = 2t.

¢) The shock front s(t) of the entropy solution must fulfill the jump condition $(t) =

flw) — flur)

. So we have
Uy — Uy
u4 ’U‘ﬁ 24 14
0 PR A Ak R
U — Uy 2—1 16
. . i s 15
u* does not satisfy the jump condition: s5(t) = 3.

u satisfies the jump condition and is a classical solution outside the shock front, i.e.

is overall a weak entropy solution.
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4 has no discontinuities. There is no jump condition to be fulfill! But for 0 < z < ¢
it is not a solution to the differential equation.
It holds @y + £, = £ + (2—2)3(3L) = 0
4xt? — (2t — z)?
4t4
For fixed ¢ this condition can be fulfilled for at most three different x, but certainly
not for all 0 <z <¢.

=0 < 23 —6tx® + 162t2 — 83 = 0




