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Numerische Losung der Transportgleichung:
Lagrange und Semi-Lagrange Verfahren



Lagrangesche Perspektive
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Formalization

e Position: z = z(t).
e Velocity: v = v(z,t).
Particle position can be computed by
po O
dt
With initial condition  z(t = 0) = z

= v(x,t)




Lagrangian Transport with Source

The equation is given by

Z—f = s(z,t)

d_ 9 , 0  dx
where 3 = 57 + 77 - G

Remark: With 2 = v(z.t) we have that
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= ot +vpy, = S(x.1).
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Summary: We need to solve two ODEs:
= wv(x,t), z(0)=x,
= s(p,x,t), p(x,0) = po(z).
Remark: Usually many particles are used for real applications!
Remark: Homogeneous advection, where s = 0, yields:
p=>0 > pl-, 1) = const. = pg(-).

Since x = x(t), the particle position is implied: p(x.t) = p(x(t),1)).
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Problems of purely Lagrangian Methods

e Distribution of particles will eventually become very irregular.
e Interaction between particles is difficult to simulate (diffusive processes).

e Density distribution fields with spatial coverage hard to reconstruct.
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Combine Lagrangian and Eulerian Methods




Idee der Semi-Lagrange Methode
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Formalisierung

Problem: Passive advection (s = 0):

, d
e £ = wv(x,t), x(0)= xo,
| d

=0, pla,0) = pola).

Strategy:

e Solve ‘fl—‘f = v by any ODE solver,

e Solve %% = 0 by finite difference.

dp _ p(a t" T — p(x; ")
dt ~ At

=0

:>p+ =p .

Ti, b  : N grid points, t", n I : M time steps.



Algorithmus




Stabilitat und Konsistenz

Von Neumann Stability Analysis:
Assume linear interpolation of upstream points and exact wind, i.e.

pitt =1 —v)pp +vpl 4

Then using z,e*7") we have:
21RO (1 = )z, bR gz ok 1h),
=z, [] (1 - ﬁ—ik(h))] piklki=i)h ik(ih),
6= [1 — (1 e_”"(h))] etk On=i)h,

=62 =1—-2u(1 —v)(1 — cos(kh)).

Stability follows for: 0 < v <1, i.e. always!

Remark (Order of Consistency):
[t can be shown the the semi-Lagrangian advection scheme retains

the consistency order of the discretization schemes involved:

T = v order p 1

. = SLM order p.
P 0 order p f LM order p

.| interval containting upstream point a



Stabilitdat und Konsisten.:

Von Neumann Stability Analysis:
Assume linear interpolation of upstream points and exact wind, i.e.

\» Ti, | interval contain

pi = (1= v)pi + vk,

Then using z,e*U") we have:
zn+leik(jh) =(1- V)zneik(kih) + Uzneik(ki—lh)’
= Zn [1 —v(l - e—'ik(h))] ¢tk (ki=i)h ik (jh).
== [1 (- zk(h))] ¢ik(ki=i)h.
= €2 =1 - 2u(1 — v)(1 — cos(kh)).

Stability follows for: 0 < v <1, i.e. always!



t wind, 1.e.

o (1. .,x | Interval containting upstream point
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Then using z,e*U") we have:

zn—l—leik(jh)

= & =

Zn

1 — (1 — e~k

1 — (1 — e~ ik(R)]

— (1 — v)z, ki) |y eik(ki=1h)

ezkz(ki —])hezk(]h);

ezk(k'z- —])h;

= [¢]° =1 —-21/(1 —v)(1 — cos&kh)).

v <1, i.e. always!



Then using z,e**U") we have:
zn+1ez’k(jh) — (1 . V)Zneik(kil

= Zn -1—1/(1—6

= & = -1—1/(1—6
= €2 =1-2v(1 —v)(

Stability follows for: 0 < v <1, i.e. always!

Remark (Order of Consistency):
It can be shown the the semi-Lagrangi
the consistency order of the discretizat

r = v order p
0

0 order p



- L . ‘]
= €12 =1 —2v(1 —v)(1 — cos(kh)).

for: 0 < v <1, ie. always!

Remark (Order of Consistency):
It can be shown the the semi-Lagrangian advection scheme retains
the consistency order of the discretization schemes involved:

= v order p
0 order p

|

; } = SLM order p.



Advektion mit Quellterm

Recall: Lagrangian:
pr +vp, = S. r=0;p=S.

For one particle we solve:

r = wv(x,t), x(0)=x,
P = s(p,a:,t), p(iL‘,O):pO(ZE).

Assume s = s(x,t), use trapezoidal rule:

pla® t"* ) — p(a”, t")
At

= % [s(zt, ") + s(z,t")]

Or even simpler:

plat t" ) — p(x=,t")

At _S(x07tn+1/2)




Algorithmus mit Quellterm




Semi-Lagrangian Algorithm
Result

1 Linear Advection, DX=1.00e-02, DT=9.90e-02, steps: 6

ﬂ




Problem bei nicht-uniformen Gittern

Semi-Lagrange-Methode:

d

2 _ 0
dt
Differenz entlang Trajektorie:

Lagrange Form:

de (&, t+ At) — (T — 2a,t — At)

dt DAL

= |c(Z,t + At)|=|c(Z — 2a,t — At)




Interpolation mit radialen Basisfunktionen

Interpolationsproblem: 2
d : : *
s: R — R mit SlN — c(.,t)|N.
Interpolierende Funktion: X Menge der & Nachbarn

k q
s(z) = Y Nj®(|lz—y;lD+p(x), y;eR, p(z) = > wp(x).
Jj=1

=1
Apx P || X || c(y;)
P ol|u 0

Aoy = |®(lz; —ail)],\_;.,» P = [palz))]

n=1:.q,j=1:k "
(N nicht-degeneriert)




Beispiele radialer Basisfunktionen

/

Thin Plate Spline & () = 72 log r \

Gaussians d(r) = 6—7“2 -
\ 4

Multiquadrics d(r) = \/ P2 +1



Anwendungsbeispiel: Spurenstofftransport

Gegeben: Wind-Daten
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Spurenstofftransport (adaptives Gitter)

FLOT: tracer warioble fa)  WJérn Bahrens. 1833



FLOFE: 1racer variaoble el Ldarin Gehrvens. 19998



Spurenstofftransport (gitterfrei)
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