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Problem 1: We consider a linear predator-prey-model. Suppose there are two species of
fish: The predators u; and the prey us, where we assume that the predators feed on the

prey.

(a)

We describe the evolution in time of the two populations by

Ul(t) = —al’lul(t) + CLLQUQ(t)‘i‘bl,
UIQ(t) = —a2,1u1(t) + &232“2(75)"‘[)2,

where a;; >0 for 1 <4,7 <2 and by,b; € R are given real parameters.
What do the terms in these equations mean? What processes are described by them?

Solution: The term a; 2us with a; > 0 in the first equation means the population
of predators grows proportionally to the supply in food. We can assume that the
predators would go extinct without the other population to prey on, which is reflected
by the term —ay juy(t) with a;; > 0.

In the second equation we see that the population of the prey grows proportionally to
its size (agoug, with a9 > 0) and shrinks proportionally to the size of the predator
population (—agiu; with as; >0).

The terms b; and by can describe exogenous effects, such as fishing or migration of
fish from outside.

Let

a1 = G2q1 = Q22 = §’ a2 = =, b = by =0, A::(

W= WiN

Show that the functions

wn(t) = el (11—1)7 w(t) = e 3 (1;@)’

form a complex fundamental system, and that

sin(t/3) + cos(t/3) sin(t/3) — cos(t/3)
u() = < cos(t/3) ) - el)= ( sin(t/3) ) ’
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form a real fundamental system of the homogenous systems v’ = Au, u = (u,us)

The eigenvalues are the roots of the characteristic polynomial:

—3—A 3 1 1 2
0 = det| ° 3 S (T N Y = N
(505 G )

1
1 i

= MN+- = Ag=+-.

—|—9 1,2 3

Solution:

The corresponding eigenvectors, Avy = \pvg, k=1,2, are

1—i 1+i
= () = ()

Therefore, w,(t) = e*Mtvy, wo(t) = e*'vy form a complex fundamental system.

From this we can construct a real fundamental system by taking Re(w;), Im(w;). By
the Euler identity we have
e's = cos(t/3) + isin(t/3)

and thus
oit (1 - i) — (cos(t/3) + isin(t/3)) (1 ; i)

(cos(t/?)) +1isin(t/3) —icos(t/3) + sin(t/3)>
cos(t/3) + isin(t/3)

: (Sin(t/jo)s?; /C;)S(t/3)) +i(8in(t/31(_1t/c??)s<t/3))'

We see that ¢; = Re(w;), g2 = Im(w;) and these function form a real fundamental

System.

Solve the homogenous initial value problem u' = Au, u(0) = (4,8)" . Are uy,uy po-
sitive for all t > 07

We can write the solution in terms of the basis solutions:

(1) = o (LG ) e (MU ).

where the coefficients ¢;, co € R are determined by the initial data. We have

(8) = () = 1)+ (5)

From that it follows that ¢; =8 and 4 = 8 — ¢y, so ¢o = 4. The solution of the initial

Solution:

value problem is then given by

<U1(t)> B <142:iinn<(://33))++ 84;28(55733))) |

(%) (t)
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We have uy(t) = 8cos(t/3) + 4sin(t/3). Roughly speaking: The 8cos(t/3) part can
become negative and then the 4sin(¢/3) part is too small to get a positive solution.
Analogously, also u; admits negative values.

More precisely: For t, = 3(arctan(—2) + 7) ~ 6.103 it holds wus(t,) = 0 and for
t € (ti, t« + 3m) we have wus(t) < 0. For the linear homogenous 2 x 2 model, we
cannot get periodic solutions that are positive for all ¢ > 0.

Solve the inhomogeneous initial value problem ' = Au + b, u(0) = (4,8)" with
b= (—4,2)". Sketch the solution for t € [0,127]. Describe the qualitative behaviour
of the solution.

Hint: The inhomogeneous problem admits a constant particular solution.

Solution: For a constant particular solution wu, it follows that

1 3 —6 —4 24
0 = u, = Au, + b = u,=-A"b = up:—(3 _3)(2 = (1s)-

The general solution of the inhomogeneous problem is u = ¢1¢; + c2¢2 +u, and we get
from the initial data that

u1(0) :4261—CQ+24, ’LLQ(O) :8261+18 = 012—10, 02:10.

The solution of the initial value problem is

(Z;Eg) - <18 + 15 31;(3/03§0i<i{)3c)os(t/3)) '

—Ul 30
40 —u2
£'30 . 20
5 20 ®
s 10
10
0 0
0 10 20 30 40 0 10 20 30 40 50
t (51

At first, both populations grow until there are so many predators that the prey popu-
lation starts to decline. The predator population keeps growing until there is no longer
enough food, so it starts to shrink. If the number of predators is sufficiently small the
prey recover and their population starts growing again. This, with some delay, leads
to a growing population of predators. This process repeats periodically.
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Problem 2: Consider the differential equation

(a)

u” — 4u” — 200’ + 48u = 0.

Determine the general solution of this equation.
Solution: Characteristic polynomial:
PA) =X — 4N — 200 +48 = A+ 4)(A—2)(A—6) = 0.

The roots Ay = —4, Ay =2, \3 =6 lead to the fundamental system
up(t) = e uy(t) = €®* | uz(t) = 5. Then, the general solution is

u(t) = cre™ + cpe® + c3e®  with ¢, co,c3 €R.

Write the equation as a first order system. For this system, compute the eigenvalues
and eigenvectors and determine a fundamental matrix.

Solution: With (ug,u1,us)" := (u,u’,u”)" we can write:

/ /

u Ug 0 1 0 Up

| =lu | = 0 0 1 Uy

u” Ug —48 20 4 Ug
—A

Expanding along the first row we find

det(A — M) = =A(=A(4 — \) —20) — 48 = — X3 +4\% + 20\ — 48 = —p()).

Therefore, the eigenvalues are A = —4, Ay = 2, A3 = 6. The corresponding eigen-
vectors are
1 1 1
v = —4 s Vg = 2 s V3 = 6
16 4 36

From that we can construct a fundamental matrix as

ef4t th eﬁt

W(t) = | —de ¥ 2e* 6eb
16e~4  4e* 36e%

In this case we can also derive the fundamental matrix directly from the fundamental
system in part (a): In the first row we have the basis solution, in the second row their
first derivatives and in the third row their second derivatives.



