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Separable variables ODE

A first order ODE of the form

u'(t) = g(t) - h(u(t))
with g, h continuous real functions is called a separable variables ODE.

In case h(u(t)) # 0 for all t, we can solve it dividing both sides by h(u)
and then integrating with respect to the independent variable t:

’(t) ~ du
J e [ iz | a

After integrating, explicit wu.
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Example 1

Solve the ODE u'(t) = 2tu3(t) under initial condition u(0) = 1.
Which is the largest interval in which the solution is defined?
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Example 1
Solve the ODE u'(t) = 2tu3(t) under initial condition u(0) = 1.
Which is the largest interval in which the solution is defined?

It is a separable variable ODE with g(t) := 2t and h(u) := u3. Notice

that u = 0 is a solution of the equation, but it does NOT satisfy the initial
condition. Suppose then u # 0 and compute:

!
du _ fu(t)dt=[2tdt
ud uu(t) U3(t)

1
vk 2+ C = u(t) = im — gen. sol. of the ODE

Employ now the initial condition:

1

1
1=u(0)z=4—— — GCy=1and u(t) = ——.
© 2 )= e

VG -2-02
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Example 1

Solve the ODE u'(t) = 2tu3(t) under initial condition u(0) = 1.
Which is the largest interval in which the solution is defined?

The solution u(t) = \/;? is well-defined where 1 —2t2 > 0, namely in the
interval | = (—%, %)
u(t]“
1 : t
Tz o 12

Figure: Graph of u(t) = —=

Vi1-2t2
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Bernoulli equation®

A first order (non-linear) equation of the form

u'(t) = a(t)u(t) + b(t)u(t)®, a,beC(l), aeR\{0,1} (1)
(in gen. for u>0if a ¢ N)

is called Bernoulli differential equation.
With the substitution y(t) = u*=*(t), itis y'(t) = (1 - a)u'(t)u(t)™® and
dividing the equation (1) by u® we get

y'(t) = (1 - a)[a(t)y(t) + b(t)] — first-order, linear ODE in y
which can now be solved for y (apply formula or separation of variables).

Finally, substitute back u = y1/(1=2)

*From the Swiss mathematician Jacob Bernoulli (1655-1705)
Y



Example 2

Find the general solution of the ODE v’ = u +2u®, for u = u(t).

It is a Bernoulli equation with a(t) =1, b(t) =2 and a =5: we apply the
substitution y(t) = u17%(t) = u™*(t) = y/(t) = —4u'(t)u™5(t).
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Example 2

Find the general solution of the ODE v’ = u +2u®, for u = u(t).
It is a Bernoulli equation with a(t) =1, b(t) =2 and a =5: we apply the
substitution y(t) = u17%(t) = u™*(t) = y/(t) = —4u'(t)u™5(t).

Rewrite the ODE as

uoou s -y’

= 42— = —— =y+2 = y' = —4(y+2) —» 1°" order, linear ODE
uooud 4

Solving now in y returns: y(t) = Ce™#* -2, C e R.
The solution of the original ODE is thus:

1

u(t) =2y ) =2 i
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Exercises

Exercise 1. Find the general solution of each of the following separable
variables ODEs, then determine the respective solutions of the related
problem under the constraint u(1) = 1/2.

2
(i) u' =4t3/t, t>0 (ii) u'+7x(1+2x2) =0
(i) u' = u® -1 (iv) tu' =vV1-u2, te(1,2)

Exercise 2. Solve by substitution the following Bernoulli ODEs:

() +tu—tu®=0 (i) 20 = u* = tu, t>2

(i) x" = e'\/x = =2x, x > 0;

Differential Equations | Auditorium Exercise Sheet 2 7/10



Exercise 3. Determine a particular solution of each ODE employing the
indicated Ansatz.

(i) u' +6u®=1/t?, t >0 with Ansatz u(t) := % +0

(i) y'=1- t? + y? with Ansatz a polynomial of degree 1 in t

(ifi) 3u' + x%2u—-u? =2x*, x> 1 with Ansatz a polynomial of degree 2 in x
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Exercise 4. For 0 < t < 1, consider the differential equation in u = u(t):

u' + 12t + 3tu = 0. (2)

(i) Determine the general solution of (2).

(i) Find the solution u(t) of the IVP satisfying equation (2) and
u(0) = up as a function depending on ug > 0.

(iii) Determine the point tg such that u vanishes in tp.
(iv) Verify that any function

(3)

a(t) ::{ u(t), te[0,tp]

0, te(to,1)

with initial value ug < 64(e/? -~ 1)3 is a solution of the IVP in (ii).
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Appendix

Table of integrals

R X"t 1

1. j.\ a".r~”+ " (n=—1) 2. J.?d.\—ln|.\'|
Ty = ¢* & = a’

3. _[(. dx = ¢ 4. J. a'dx na

5. J. sin x dx = —cos x 6. J cos X dx = sin x

7. J.\ea, xdx = tanx 8. | csc’vdx = —cot x

9. J\et x tan x dx = sec x 10. | ¢scx cot xdx = —csc x

11. Jse:. xdx = ll‘l|\t3i. X + tan \'| 12. | cscxdx = ln]u:. X = col x

J
J
I
13. J. tan x dx = In|sec x| 14. I cot xdx = In[sin x|
I
. |
[

15. J sinh x dx = cosh x 16. | cosh x dx = sinh x

dx | of x
7. ..‘ ——F=—tan | —
X+ a- a a

i e
M [ =—— S

Joxt—a 2a
Differential Equations | Auditorium Exercise Sheet 2

[ x
7=sm "N —
Va* —x? a

=In |x + 4/xt *= a3|




AUDITORIUM EXERC (82 (LASS 2

Exenrst *
(1) [J“:""_ L]‘IZSJ_ £50 <« ZL v ope  (Umeon)
Uia)= A 7 egf)ﬁa‘ﬂ?b'm_l‘)&s
:\r‘l“ :j u'(HJJC = fﬂjcmﬂ”; = i +a ~)[uu} jﬁcq”?rc” c:eﬁi;l
9 jiﬂ'ﬂE
Uik B u
) 4 _ L (4 - 1+1 5.£-'."u“?
jml':":lﬂaﬂ- .nrs:l-ﬁu-t-' '&Lﬁ. u ,{TE_.:HH],___ j_i.;,_c = C= 4; (L-"L ) ,%,I A‘g—
Q*)[“[;‘i ?f[dilrlxl]; u#0 — 45 ecder UDE Seporca bl wesiables w= ulx)
- di' Rewrde: U = -2X - 14‘:{3
2
U = (udu :f'. dx — IxdX f.;r.:]}:'——-r‘: K{.L
T

U= wuix)
duz W Iix) d¥

i 1 !'I 4 E’R
W= 20-2x-2X = ulx) = r\ZC-ax- ', CE T x -2X1
4 ulx)= '
M - A —
Ve Ao wid)S Fo-T=2 = (@c-4) \'* 22¢7 Ty
P@%ivﬁr

) {tu‘: [a-u ket
uk) = %—i k= w k)

|
1y umtg — AEO <o, ODE, but wneT 3t khe P!

r
b Quppoet utzd = A e amcﬁiml“}?{;.;&“ =f W At = [Agt = gmlb) ve =
'Ji* w* _-L_' A ] Aut JQ'I: "

-
E lLI:.&MJ — oxesim (2) ) | (7
A : lLﬂ-ﬂ.ﬂ-j § = '5.tl1"ﬂ{,{m{t:l *5); ce i %_jwﬁi

= w(t
4 = wid) = Ewtlﬁ'{‘ij +<) =S\m(c) x5 t:—z—

-

C;Eut} = Stn|Amit) + '?g—)l sd, (VP P E “]‘_‘ [T L'L

<
I




ELrtehoe L . Mmmﬂﬁ‘{ﬂﬂ = alt) wl® th'uhtH:\

Lku- b6 20 -t 35
) wktu - i = U _ A & w0
Gl Cons®®% 7 L4 Jufi= = dTO L
w =" p’
.;«..':‘: Vlf N
L
o, oolutam 0% (e "
‘.r}u o | ) -, i:_l.d:_— '{:@'{-J:H': --—lc.‘;H'i-' = —l-'i:-ljc"y'#ljc
T;," uto - :-]-_“‘-“"1 — 11 I,L!' '_"_i| ¥4 L ,'1'-{‘ -
u choim, u* j) ‘E'-" (-‘t} 11- / S
Twh -4y A% seder Aimearg 0D
| F-; 7 Am Y
¥

ley: y'szaiya) -k f 4 d=[oth_the o

mlﬂj‘fﬂ oXon bt
of s
m = 1
: t
= ly-4/ :*E::‘ Er-t = Y= C_eye+ﬁ ct:[R, A~y oem SR ae ELEH e +d, ciglR]
Bubﬁut!&& Lﬂ‘u'ﬁ ;_.,.J' L ) "‘-'-."'t" "-.| ""«-. 'ﬁw
"‘":t, =='= Ci=Q ;'7'-'- ;
uW'h) =4 = A = o't AlL -

.:'l[‘t-'} "::IGJ‘:-‘i 'L.l.[-l;] = } 1 ) i l'.j_E.R‘ p . EE,
- {E;ﬁi 1‘"“'5&5} wr

v
L‘u{.‘d?.a ]
st - b R
- 3 . - <+ |!:£ 'tur be
Q“) l}“I-; :[‘t%,;,r y= ?‘H__J Selhe eaoiftw\a i sol 5 the Mimd: yLU a / 414& >

l - 1- Ltlla:tﬂ%]_. 1- £+ﬂ_{+1mb-l;.:,l> = GH; ﬁi—zgy’c t44b-a = o 2

u i
¥ o 0 _
” Lizo Dozt N e
e c,amrm‘:ﬂ"ﬂ o {he MH]Lﬁuﬁsi tob=0 2 oXo V b=0 _, as :Mlﬂﬂl bl ko |
i*‘ul-n.:-ﬂ e A-a=0 = 0= n;j_ JAH

L=0O




Wk )+ A2t W) rrtut)=o | te(oid)

:_;‘{«’:':‘..-'-;-‘ri- L
Q0 I\\ Ll = illt.l a2 AL E:mmwfh e with o= 203
- W=EQ b&;ﬁﬁ GDE ﬂ.{.t-}: - '!JEC
U?{ . 4-ok _I,.u!_!_ "‘IL% q lﬂ-Lb]t - ‘l.iJC-
Oy ;{.: W = W - y = W
I _ [
= e o ¥ @"’U[ﬂtl":’waﬂ} - [‘f’ﬁ?*‘*l%]:'t?‘“h
Aﬁgﬁ7 Substitutiom ! [lf —t"j'lIJc’ ’iﬁhd‘ims Limeare OB
Aly=th An Y iy 4n
olkve NOE J.ﬁbh[ Ilf)l..{_'-—ﬁ_lf.. m'fifj E [B*it}—kc,t[ 'E..l Le tel- E,;:;H_Ll, celRo ok oTE
/ jn )
Back b ui  wl¥ = yiee) = (& ) , el
A
HPug wlo) = Lo wo = @)= (c.e-u)” - c-t)’ =5 ¢~ Vet 4
' : -
Solutiom  IVPT ) ((L’_gmﬁ e )
- 3 o' (2 ko'lz 'LD,TQ_ b = -
) 0 =ulk) = L@m ) D (Wle)e =AD& TUEG
set , 3 :1 iz
400 ult)
1
-ichfm{-LJ omd t [ are m ::w:.hm
_H(LE fﬂaﬂﬂ Ua, t he /Eﬂ"i;ur. ms
'-::"I""'l! TLUCJ'-‘: wit) ’L'F.“;ﬂijf-n] _:)E, BE M u = sk opE g = PO
\ 9 LE{\qu,ﬂ.) 9 " Ifﬂtn - rnd .ﬁ. >
=0 spl ok l J;:ﬂ-—'i

g_m,d *f;&l:- L@iﬂp[-;.ii"‘]]j ko <4 ’{tﬂri}

/r\




	Prototypical first order differential equations
	Separable variables ODE
	Bernoulli equation

	Exercises
	Appendix

