Differential Equations I
Exam WiSe 24/25 — Solution

Problem 1. (5 points)

(a) Solve the following initial value problem:
W) = —2t+ Du(t) +e ¥ for t>0, u(0) = 1.
(b) Solve the following initial value problem by applying a suitable substitution:

W) = (2t + Du(t) —e C(u®)? for t>0,  u(0)=1.

Solution.

(a) We have a linear equation of the form u'(t) = a(t)u(t) + b(t)
with a(t) = —(2t +1) and b(t) = e . We choose

Alt) = —(t* +1)

as a primitive of a and and get the solution of the initial value problem by applying
the solution formula with tp =0 and yy =1:

! t
u(t) = QAM) {/ e_A(S)b(s) ds +yoe—A(t0)} _ o) [/ R
0

to

t
N {/ oS ds—l—l} — o (41 [et _ 1_,_1} — ot
0

(b) We have a Bernoulli differential equation with
alt)=(2t+1), bt)=—-e", a=2

The substitution

leads to
y(t) = (1—a)a()y(t)+ (1—a)bt) = — 2+ Dyt)+e ", y(0)=1.

From part (a) we know this has the solution y(t) = e~ . We find the solution w from
the back-substitution
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Problem 2. (5 points)

Consider the differential equation

u"'(t) +2u"(t) =0 for t > 0. (%)

(a) Determine the general solution of this equation.

(b) Is the initial condition u(0) = 1 enough to characterize a unique solution of (x)?
Explain your answer.

(c) For which a,b € R does the solution w of the initial value problem for (x) with

satisfy the condition

Solution.

(a) The characteristic polynomial is
p(A) = X +2)0% = N*(A+2)

with roots
)\172 = 0, )\3 - —2

With that we get the fundamental system
{wi(t) = e, wy(t) =" =1, ws(t) = te"" =t}
and the general solution is

u(t) = cre™ + ¢y + cst, c1,Co, 03 € R,

(b) No, this is not enough to single out a unique solution. E.g. both uy(t) = 1 and
uy(t) = e~ solve this initial value problem.

(c) Every solution u has the form u(t) = cie™* + ¢y + c3t . In order to have lim; o u(t) =
0, we need ¢3 =c3 =0. From u(0) =1 it follows that ¢; = 1.

That means wu(t) = e ? is the olny fuction that solves the differential equation and

satisfies both w(0) =1 and lim; . u(t) = 0. We have

This means a= -2, b=4.
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Problem 3. (4 points)

Consider the differential equation

(t —sin(t) cos(t))u* + (#* +cos*(t) + Vu-u' =0 for t > 0.

(a) Show that this is an exact differential equation.
(b) Determine a potential for this equation.

(c) Solve the corresponding initial value problem with «(0) =1.

Solution.

(a) With
f(t,u) = (t — sin(t) cos(t))u?, g(t,u) = (t* + cos*(t) + 1)u
the equation has the form
f(t,u)+ g(t,u)u’ = 0.
It holds that

%(zﬁ,u) = 2(t —sin(t) cos(t))u = %(t, u),
and thus the equation is exact.
(b) We have

/ (t — sin(t) cos(t))u? dt = %(tQ +cost () + K (u),
/(t2 +cos®(t) + Nu du = %(tQ + cos?(t) + 1)u® + M(t),

and so with

we get equality. A potential is
1
U(t,u) = 5(152 + cos?(t) + 1)u?.

(c) For C > 0, the solution are given by

2C

1
U(t,u) = —(t? 2t)+ Du? = =+ .
(tbu)=C = 2( +cos*(t)+)u=C = u \/t2+0052(t)+1

It follows that
l=u(0)=4/— = C=1.
With this, the solution is

2
ult) = \/t2 Feos2(t) + 1
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Problem 4. (6 points)

Consider the system of differential equations « = Au with

-3 0 0
A= 1 -1 2
2 0 1

(a) Determine a fundamental system for this equation.

(b) Determine all equilibria of the system and check them for stability.

Solution.

(a) The characteristic polynomial is

-3 —A 0 0
pA) = det| 1 —1-X 2 | =(=3-N(-1-M)1-N
2 0 1—A

with eigenvalues

Corresponding eigenvectors:

For A\ =-3:
0 0 0]0 0 0 00 2
12210 — 02 0/0 = l=¢ 01, ceR
2 0 4|0 2 0 4]0 -1
For X\ = —1:
-2 0 010 -2 0 00 0
1 020 — 00 20 = =c| 1], ceR
2 0 2]0 00 2|0
For M\3=1:
—4 0 010 —4 0 010 0
1 -2 2]0 — 0 —2 210 = WBl=cl 1], ceR.
2 0010 0 0 010 1
A fundamental system is therefore
2 0 0
et 0], et[1], €[1
-1 0 1

(b) All eigenvalues are non-zero. Therefore, u* = (0,0,0)" is the only equilibrium. Since
A3 > 0, it is unstable.



