Differential Equations I
Exam SoSe 2025 - Solutions

Problem 1. (5 points)

For each of the following differential equations, find the general solution by using the method
of separation of variables.

After that, solve the corresponding initial value problems with the given initial data and
determine for which t the respective solutions exist.

(a) 2t = u? for t>1, u(l) =4,
(b) wu=¢ for ¢t >0, u(0) = 2.
Solution.

(a) The equation has the form u = u?- 5.

the general solution:

One solution is = 0. For u # 0 we get

1 1 1 1 2t
— du = —dt = ——=-—— cER = 1) = .
/u2 Y /2t2 w Ty o ult) = 154

From the initial data we find

u(l) = 24 = 2=4-8 = c=-.

With this we have o

uh =17

and the solution is defined for ¢ € [1,2).

(b) The equation has the form « = X .e'. The function g(u) = 1/u has no zeros. We

get the general solution:
1
/udu:/et dt = §u2:et+c, ceR = wu=+v2et+2c
From the initial data we find

uw0)=+v2+20=2 = 242c=4 = c=1

With this we have
u(t) = V2t + 2

and sind 2ef +2 > 0 for all ¢t >, the solution is defined for all ¢t > 0.



DGL I, T.Schmidt, SoSe 2025, Exam - Solutions 2

Problem 2. (6 points)

Consider the matrix
Ao (-1 2
S \2 -4/

(a) Determine a fundamental system for the solution of v = Auw.

(b) Determine all equilibria of ' = Au and check them for stability.

Solution.

(a) The characteristic polynomial is
1A 2 )
p(A) = det 5 VRN =(=1=XN(=4-X)—4 = X¥+5\ = AM(A+5H)

with eigenvalues.

Corresponding eigenvectors:
For A\ =-5:
4 210 2 110 1
1 —
(2 10) — (OOO) = v c<_2>, c e R.
For X =0:
-1 210 -1 210 2
2] —
( 9 _40) — < 000> = v _C(l)’ c e R.
With that a fundamental system is given by

v () ()

(b) Since Ay = 0 is a simple eigenvalue, all solutions of Au* = 0 are multiples of the
corresponding eigenvector. That is,
ut=c 2
-\l

is an equilibrium for each ¢ € R. Since A; < 0 and Ay = 0 is simple, all equilibria are
stable (but not asymptotically stable).
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Problem 3. (4 points)

Let A€ R** be a real matrix with eigenvalues
)\1 = —2, )\2 = —1, )\3 - 21, )\4 = —21

Which of the following statements are true, which are false? Explain your answers.

(1) The system u' = Au has exactly one equilibrium.
(2) The equilibrium »* = (0,0,0,0)" € R* is asymptotically stable.
(3) There exists a 7 -periodic solution of v’ = Au.

(4) There exists a solution u of u' = Au with lim, . |u(t)] = co.

Hint: In each case a short explanation is enough. You do not need long calculations.

Solution.

(1) The statement is true. All eigenvalues are non-zero. Therefore A is regular and
Au* =0 has the unique solution u* =0.

(2) The statement is false. We have Re(A3) = Re(Ay) =0 and Mg, A3 are simple eigenva-
lues. Then w* is stable, but not asymptotically stable.

(3) The statement is true. Sice A3 = 2i, \y = —2i are purely imaginary eigenvalues, there
exists a solution of the form

u(t) = cos(2t)a + sin(2t)b mit a,b € R%.

(4) The statement is false. Let v/ be the eigenvectors corresponding to Ay, 1 < k < 4.
Each solution has the form
u(t) = cre ol 4 el 4 gl 4 ety
and therefore
lu(t)] < e H|epoltl] + e el + |ese®oll] 4+ |eie o)

The first to terms on the right-hand side go to zero as t — oo, and the last two are

bounded.
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Problem 4. (5 points)

Consider the differential equation

u’(t) — 2u'(t) + 2u(t) = 2sin(t) — 4 cos(t).

(a) Determine a real fundamental system for the homogenous problem.

(b) Find a particular solution w, of the inhomogeneous problem.

Hint: You can use the ansatz wu,(t) = acos(t) + bsin(t) with a,b € R.

Solution.

(a) The characteristic polynomial is
p(A\) = A2 —2)\ + 2,

with roots

Mg = 1E£v1-2 = 1+£1.

We get the complex fundamental system
{e(lJri)t’ e(lfi)t}’

and a real fundamental system is {Re(e(*)?), Tm(e(+)t)} .

Using the Euler formula we get
eIt — ob el — ol(cos(t) +isin(t)) = e'cos(t) + ielsin(t).
Then a real fundamental system is

{e’ cos(t), e'sin(t)}.

(b) Using the ansatz wu,(t) = acos(t) + bsin(t) we get

wuy (1) — 2u,,(t) + 2u,(t)

= (
(

—acos(t) — bsin(t)) — 2(—asin(t) + beos(t)) + 2(acos(t) + bsin(t))
a—2b)cos(t) + (2a+ b)sin(t) = 2sin(t) — 4 cos(t).

It follows that
a—2b = —4, 2a 4+ b= 2.

Adding twice the second equation to the first equation yields ¢ = 0 and therefore
b = 2. Finally,
up(t) = 2sin(t).



