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Exercise 1 ( 3 + 4 points )

Determine the solutions of the following initial value problems

a)

;o 1+cos(x) . _
Jw) = LS 0 0=
b)
2%y () — 2/ (x) — 8y(x) = 0 for x > 1, y(1) =0, y'(1) = 6.
Solution:

a) It is a separable variable differential equation. For y # 0 one computes

% — H%;(fﬂ) < y%’dy = (1 + cos(x))dx. (1 point)

And from this
[y*dy = [(14 cos(z))dx < %—3 = x +sin(z) + C

— y(z) = \3/3:1: + 3sin(x) + 3C. (1 point)

y(0) = 0+ 3sin(0) +3C =3 < C'=9. (1 point)

Thus y(z) = {/3z + 3sin(z) + 27.

b) It is an Euler differential equation. With the ansatz y(z) = 2" one obtains
2 r(r—1)2"% — z.ra" ! = 8" = 2" (r* —2r — 8) = 0.

Therefore for x > 0:
22 —8 0= (r—12—9=0<>r—1=4+V0 & r=-2Vr=4

The general solution is: y(z) = cra™? + et (2 points)

From y(1) = ¢ + ¢ L0 we get ¢ = —cy.

With 3/(z) = —2c1273 + 4cer® then the second initial value returns /(1) = —2¢; +
4y = 6o L6 co = —c; =1 (2 points)

and

y(z) = ot — 272,
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Exercise 2 (4 points)

Consider the system of differential equations

v = (5 o) v

Determine a real fundamental system and a real representation of the general solution of the
system of differential equations.

S AN
det< 3 _)\>—/\—I—9.

Solution 2:

The eigenvalues of the system matrix are given by

M =-9«= A= 43i. (1 point)

The eigenvector corresponding to A; = 3i is obtained as solution of the system of equations

=3t =3\ (=) _ (0
3 =% z)  \0) "~
Any vector with zo = —iz; solves the system. Thus, for example we may choose (1, —i) .

The complex conjugate vector is an eigenvector for Ay = —3¢.

With this we obtain the complex fundamental system

w(t) = bt <_12> Cw() = e (L) |

A real fundamental system is for example given by

Y () = (9(0), y2(6)) = (Re(u(®),Im(u(1))). (1 point)

e ()= (o) - () = ()01 9m60)

one gets

and the general solution

y(t) = ciyt) + coy@(t), c1,c2 €R or C. (2 points)
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Exercise 3: (5 points)

Consider the following fourth-order differential equation

"

y () + asy” () + azy (t) + a1y (t) + aoy(t) = 0 (1)

with real coefficients ag, a1, as,a3 € R. For each of the following sets of functions, determine
whether they can be (with suitable coefficients ag, a1, as,a3 € R) a fundamental system for
the solution space of the differential equation.

Justify your answers.

a) My = {y1(t) = €, ya(t) = €%, ys(t) = "}

b)  Myi={yi(t) = ¢, yalt) = €, ys(t) = €, yu(t) = €2}

) Myi={p(t) = 1, a(t) = £, ys(t) = €, ya(t) = e 2.

d) My = {y1(t) = e, ya(t) = sin(2t), ys(t) = e~2, yu(t) = €2t}

Solution: (1+1+1+42 points)

a) Since the space of solutions has dimension four, M; cannot be a fundamental system
for (1).

b) Complex solutions of linear differential equations with constant real coefficients always
occur in conjugated complex pairs! Therefore M, cannot be a fundamental system
for (1).

¢) Mj is a fundamental system for (1) with appropriate coefficients.

Not required from the students: the characteristic polynomial would be
P(\) = X\2(\? — 4), thus the differential equation y"'(t) — 4y"(t) = 0.
d) M, cannot be a fundamental system, since for example it holds:

e? —e~%t = 2sin(2t) . The space spanned by the functions in M, has only dimension
three.
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Exercise 4: (4 points)

Without knowing the value of v € R, determine for any of the following matrices A},
k = 1,2,3, whether the zero solution is a stable or unstable stationary point (equilibrium
point) of the system of differential equations @ (t) = Apx(t).

Justify your answers.

2 4 0 v 10 10 0
0 0 -2 0 0 1 0 ~ O

Solution: (1+1+42 points)

The matrix A has the simple eigenvalue zero and the double eigenvalue -2. The equilibrium
points are stable.

The matrix A has among others the eigenvalue 1. All points of equilibrium are unstable.

The matrix A3 has the characteristic polynomial
P(A) = (=1=0)(X+7?)
and thus the eigenvalues —1, —ivy,77.

For ~ # 0 there is no eigenvalue with positive real part. The eigenvalues with zero real part
are simple. All points of equilibrium are stable.

For v = 0 there is no eigenvalue with positive real part. The eigenvalue A = 0 has algebraic
multiplicity two. To check the geometric multiplicity one computes

~10 0
(A-=X)v= [0 00|v=0
0 00

and obtains for example the eigenvectors (0,1,0)7 and (0,0,1)T. The geometric and al-
gebraic multiplicity of the eigenvalue with real part zero coincide. Therefore the stationary
points are stable.



