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Linear Systems of ODEs — Matrix Exponential Solution
Linear ODE of order n




Recap:
Linear System of ODEs of Order 1

Proposition: (Solvabilty of linear systems of 1 order ODES)

Let the elements a, () of matrix A(x) and the components of g be continuous in
intervall Ja, bf. Further, let :rq €]a, bl and yo = (yun..-..1n) | be given arbitrarily.
Then the initial value problem

Y =Alzly +8 ¥(@) =y,

has a unique solution on Ja, b.

Definition: (Linear System of ODES of 1% Order) Proposition: {Solution of homogeneous linear systems of ODEs of 1% Order)

Alineae sytem of ODEs of 1% order is an equation If the elements a () of matrix A(z) are continuous in a. b, then the homogenous
¥Yix) = Alz)y(z) + & Az) = [a()igot,n ¥ = Alz)y

where the ay(x) are functions, andy a0  colum vectors has exactly n linear independent solutions on |a, .

of n components, depending.

. then the system is called homogencous,

Remarks

¢ Proposition: (Wronski Test)
. Let y1,...,¥n be solutions of the system y’ = A(z)y on Ja,b[.
If a;5(x) continuous in |a, b, then

1. W(z) = 0 or W(x) # 0 for all = €a, bl

Propasition: (Saution from Generalzed Eigenvekter)
uu Abe w:- value of the n x nematrix A —\D)alnhx multplicity & and 2. The solutions y1.......y, form a fundamental system on Ja, b{
1V linearly independent solutions of the linear system if and only if (iff) W(z) # 0.
(A=AEfv =0.

Then
y.-e“):—u ABYvi (k=1,...,0)

aulmmh«mmmnmsdxu 1% order system of ODEs y' = Ay.

Proposition: (Solution of system of ODEs with constant coeffic
Let A= (au)lmmn:wm-‘mlqel.Aimv-\v*e(EVa)dA
with corresponding eigen vector (EVE) v.
y=cy
s 3 solution of the homogeneous system of ODEs of 1* order ¥’ = Ay.

If A has n pairwise different EVa Ay,..., Ao with coresponding EVE Vi, .., Vi,
the solutices

Y=y, S
form a fundamental system. By Enear combination

y= Ze.é“v.
=

all solutions of the homogeneous system of ODES are given.




Definition: (Linear System of ODEs of 15 Order)
A linear system of ODEs of 1°" order is an equation

Y'(@) =A()y(z) +8, Al@)=[ai(®)]ij=1,..n
where the a;;(z) are functions, and y and g column vectors
of n components, depending on z.

If g =0, then the system is called homogeneous,
otherwise inhomogeneous.




Proposition: (Solvability of linear systems of 15 order ODEs)

Let the elements a;;(x) of matrix A(z) and the components of g be continuous in
intervall ]a, b[. Further, let zo €]a,b[ and yo = (yo1,--.,%0n) ' be given arbitrarily.
Then the initial value problem

y/ — A(CE)y T 8, Y(‘/’CO) = Yo,
has a unique solution on |a, b|.

Proposition: (Solution of homogeneous linear systems of ODEs of 1% Order)
If the elements a;;(x) of matrix A(z) are continuous in ]a, b, then the homogenous
system

y = A(x)y

has exactly n linear independent solutions on |a, b|.



Proposition: (Wronski Test)
Let y1,...,yn be solutions of the system y’ = A(x)y on |a, b|.
If a;;(x) continuous in |a, b[, then

1. W(z)=0or W(x) # 0 for all x €]a,b].

2. The solutions y1,...,y, form a fundamental system on ]a, b|
if and only if (iff) W (x) # 0.



Proposition: (Solution of system of ODEs with constant coefficients)
Let A = (a;5) a constant n x n-matrix with a;; € R, A an eigen value (EVa) of A

with corresponding eigen vector (EVc) v.

Then

y =eMv

is a solution of the homogeneous system of ODEs of 1% order y’ = Ay.

If A has n pairwise different EVa Aq,..., A\, with corresponding EVc vq,...,v,,

the solutions

y; =e %, i=1,...,n

form a fundamental system. By linear combination

n
y =) ey,
i=1

all solutions of the homogeneous system of ODEs are given.



Proposition: (Solution from Generalized Eigenvektor)
Let A\ be eigen value of the n X n-matrix A with algebraic multiplicity ¢ and

Vi,..., Vs linearly independent solutions of the linear system
(A—AE)°v =0.
Then L
Vi = e*’fzo ‘%(A— AEYv, (k=1,...,0)
j=

are linearly independent solutions of the 1% order system of ODEs y’ = Ay.



Matrix Exponential Solution

Preliminary Remark: (Exponential Solution)
e For linear ODE ¥’ = ay the solution is y(z) = ¢**y(0
e Aim: Transfer this solution to a system
y' = Ay

e Utilize the Matrix Exponential Function

eB=\" “‘/:'

e ¢f is a (n x n)-matrix, if B is one
e This sequence converges! o

Summarizing: (Matrix Exponential Solution)
The mapping y(z) = e*4y(0) is solution of the ODE system

Yy = Ay,

where

TA f: z* Alc
et = — A",
=" 0




Preliminary Remark: (Exponential Solution)
e For linear ODE y' = ay the solution is y(z) = e**y(0).
e Aim: Transfer this solution to a system
y' = Ay.
e Utilize the Matrix Exponential Function
T
k!
k=0

B .

e ¢” is a (n X n)-matrix, if B is one.
e This sequence converges! 0

10.



Summarizing: (Matrix Exponential Solution)
The mapping y(z) = e*2y(0) is solution of the ODE system

y' = Ay,

where



Inhomogeneous
Systems of Order 1

Prefiminary Remark

Propasition: (Sokion structure of ihomogeneous syszem)
Let
 Inbemagenmcss inea systers y' = Alzly + &
© Homegindous liaars system: ¥’ = Alz)y
 Fusdamsntal system of homogensous ystem: Y. ¥
 Solution of hamogeneous system: yy = ey, + -+ Eu¥a
© Somn sabstion of intomagmeacus s ¥,
Then each soluticn of the inbomagenscus fnes system 5 o the ferm
yEybay b ey =yt

with constants &, ..ex € RIC

Proposition: (Variation of constants for systems)
Let:

® ¥1,...,¥n Fundamental system on |a, b[,
* Matrix Y(z) = [y ...ya].
« Inhomogeneous system y' = A(z)y + g with g component-wise continuous.
Then
Yo =Y(2)-c(a)
is particular solution of the inhomogeneous system, where c(z) = [ ¢/(z) dz
and ¢/(z) = (¢} (), ., ¢, (x)) " solution of the system of equations

Y(@)-cl@)=¢. e

12.



Preliminary Remark: Solve in two steps:
1. Solve homogeneous system

2. Determine particular solution

13.



Proposition: (Solution structure of inhomogeneous system)
Let:

e Inhomogeneous linear system: y' = A(z)y + g

e Homogeneous lineare system: y' = A(x)y

e Fundamental system of homogeneous system: yi,...,yn
e Solution of homogeneous system: y, = c1y1 + -+ + Ch¥Yn
e Some solution of inhomogeneous system: y,

Then each solution of the inhomogeneous linear system is of the form

Y=YptCiY1+ - +C¥Yn=Ypt+Ynr

with constants ¢y,...,¢c, € R|C.



Proposition: (Variation of constants for systems)
Let:

® yi,...,yn Fundamental system on |a, b|,
e Matrix Y (z) = [y1...¥nl
e Inhomogeneous system y’ = A(z)y + g with g component-wise continuous.

Then
¥y = Y(2) - c(x)

is particular solution of the inhomogeneous system, where c(z) = [ ¢/(z) dx

and ¢/(z) = (¢} (z),...,c. (x))" solution of the system of equations
1 n

Y(z) c'(z) =g.



Linear ODEs
of Order n

Remrk
Definition: (Linear ODE of n* order)
A linear differential equation of ™ order is given by
Y a2V 4+ aglady = olz),
with ag(z), ..., an-1(2),g(x) defined on Ja, b

Remark: (Sohvability)
Consider case: g(x) = 0. Then y(z) s solution of the linear ODE of

™ onder, if
n(z) »lx)
i) vix)
v = [T =
(), )

is scution of the homogeneous system y” = A(x]y. IF inital conditions
() = A, (6 = sy = e
are gven for the equation of n® crdes, then

YO = (o)

o= mlshdnie) 4 s conish asR
1 ki o o b s O of o a3 g are the inital conditions for the system.
G a0k €.t e sy s 515
b g GOF, 2k A the 1! ndeir

MO V= O

[

Deiion: (Whosts Decrmince o . scktions o s ODE of 1 ) Definition: (Fundamental system of finear ODE) Let
Lt . e 7 s f e e OO o b ot e o o OCE o b,
I3 ) 00w € R coeficients, and

w o et hold: for all = la, b if

a(2) + azp(x) + - + Guy(r) =0
then ay = o = - = 0y = 0.

Then ...

o 5 called fundarmental system of the homogeneous ODE of ™ arder.

16.



Definition: (Linear ODE of nt" order)
A linear differential equation of n'" order is given by

y(n) + an—l(x)y(n_l) + -+ CL()(CU)y — g(x)a

with ag(x),...,an_1(x), g(x) defined on |a, b|.

17.



Remark: (Linear ODE of n'" order — system of 1%t order)
Introduce functions

=Y, Yo =Y, Yp =y

and obtain system of 15* order with n equations:

yi = Y2
yé = Y3
/
yn—l — yn
Yy, = —ao()y1 — aa(@)y2 — -+ — an—1()yn + g().

18.



Remark: With

0 1 0 0

( 0 0 1 0 \
Az) = : :
0 0 0 o 1

\—ao(x) —ay(x) —az(z) ... —an_l(a:))

the linear ODE of ntM order corresponds to the system
p y

y' = A(z)y + g(z).

—
o O
—

Kg(é)m))

andy =

[

Y2

3/

19.



Remark: (Solvability)
Consider homogeneous case: g(x) = 0. Then y(x) is solution of the linear ODE of
nt" order, if

o | [ v
y(z) = Yy2(x _ Y |
n@)  \uo@

is solution of the homogeneous system y’ = A(x)y. If initial conditions

y(€) =m0, ') =m,...,y" () =
are given for the equation of nt" order, then
y(€) = (no,m, -+, n-1)

are the initial conditions for the system.

20.



Definition: (Fundamental system of linear ODE) Let
® y1,...,Y, solutions of the homogeneous n'" order OCE on ]a, b],
® a1,...,a, € R coefficients, and

e let hold: for all z €]a, b[ if
a1y1(z) + azy2(z) + - + anyn(z) =0

thenay =ay=---=q, = 0.

Then yy,...,y, is called fundamental system of the homogeneous ODE of nt" order.

21.



Remark: Differentiation (for k =1,2,...,n— 1) of
a1y1(x) + a2y2(z) + -+ + anpyn(z) =0

yields the linear system

Y Y i Un
/ y’i yz Yn \ (Z;\

. . : = 0.
\ygni_l) yt YL YD) \an/

This system has only a trivial solution, iff the determinant of the coefficient matrix
does not vanish.

22,



Definition: (Wronski-Determinant of n solutions of linear ODE of nt" order)

Let y1, ...,y on |a, b] be arbitrary solutions of the homogeneous ODE of n*" order.
Then
Y1 Y2 e Yn
Y1 Ys Yn
W (z) := det _ :
y%n—l) yén—l) o y7(ln—1)

is called \Wronski-Determinant of these n solutions.

23.



Proposition: (Solvability of linear ODE nth order)
Let a;(z),i=0,...,n— 1 and g(z) continuous functions on |a, b|.

1. Then there is a fundamental system yi,...,y, on ]a,b[ of
Y™ +an_1(@)y" V) + -+ ag(z)y =0
and each solution y(x) of this homogeneous ODE has the form
yn(@) = cry1(z) + -+ + cayn(2)
with suitable coefficients ¢y, ..., c,.

2. Each n solutions of the homogeneous ODE form exactly one fundamental
system, if W(z) # 0 for all z €]a, b[.

3. Let y,(z) for z €]a, b a particular solution of
¥ ™ +ap1(@)y" D + -+ ag(2)y = g(2)
If y1,...,Yn is fundamental system of the homogeneous ODE, then by
y(@) = yp(2) + cagn(@) + -+ + enyn(z), G €ER
all solutions of the linear inhomogeneous ODE of n'" order are given.

4. If £ €]a,b] and ng,...,Mn—1 € R, then there is exactly one solution y(z) of
the inhomogeneous ODE, which fulfills the initial conditions

y(€) =m0, ¥(€) =m1s-- -,y V() = N1

The solution exists in the whole interval ]a, b].

24,
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