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Exercise 1:

2

a) Let f be the vector field f(x,y) = (;) , ¢1 be the curve with the parametrization

ci(t) = (t,sin(t)) t €0, 7]
and ¢y be the mathematically positively oriented edge of the rectangle
R={(x,y) : x€][0,1], y€0,2]} = [0,1] x [0,2]-
(i) Does vector field f have a potential?
(ii)) For i =1,2 compute the line integrals

/ £ (@) d(z,y)-

(iii) Compute the flow of f through R.
2 _ .3

b) Let f be the vector field f (z,y) = <x2 :L y3> , Co be defined as above and
v 4+
cs(t) = (1,3 t€]0,3].

Compute the line integrals

/ f(z,y)d(z,y), / S (z,y)d(z,y)-

C3
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Solution

dfy  0fi
a) (i) rotf:ai—é];:()

We compute a potential:

Az, y) = 2% = ¢u(x,y) = ¢(z,y) = il,)x?’ +C(y)

folz,y) =12 =0+ Cy(y) = dy(z,y) = Cy(y) =17 c. g Cly) = ;yg

= 0ly) = 50 +0P)
(i) [ f d,y) = (™) - é(0) = ¢<g> . ¢® _ %
)

Since ¢y is closed, it holds $ fd(x,y)=0.

(iii) For the flow through R it holds

1 2 1 2 1
F:/ / div f(z,y)dydr = / / 2z + 2y)dy dx = / {2xy+y2r dzx
o Jo o Jo 0 0

1
:/ (dx +4)dx = 6.
0

»_0fh Of
b) rot f = == — == = 322 + 332
) ==, o Y
For the direct calculation of the line integral of f over ¢, one would have to
parametrize the edges and compute line integrals over the individual edges. It’s easier

to use Green’s theorem:

r. ! 2 2 2
[ Fapday) = [ rotfaypday = [ [ 1 spdyda

:/01 [3m2y+y3}z dr = /01 [63:24—8} dr = {21’3—1-81’} = 10.

1
0

/ f(z,y)d(z,y) = /03 < fcs(t),és(t) > dt = /03 2t(t*+1)dt = [tg + tQ]o = 3°43% = 252.

C3
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Exercise 2) ( 5 + 1 + 3 + 1 Points)

T
K:{(y) € R?: 0<x2+y2+z2<16,y>0},
z

and the vector field
T+ y2
f RS R, fryz)=| 2y |.

Given are

3z + 22

a) Compute / div f(z,y,2)d(z,y,2) .
K

b) K is bounded by a flat surface W and a curved surface M . Provide the parametriza-
tion of W.

¢) Compute the flow of f through W i.e

/ £ -do.
w
d) According to a) and c) how large is the flow through the curved part of the edges of
K., ie
/ £ -dO?
M
Solution:

a) div f(z,y,2) = 142+3 =6.

Parametrization of K :

x r cos(p) cos(f)
Spherical coordinates: |y | = | rsin(y) cos(6)
z rsin(6)
0<r*=a2?+y*+22<16 = r €[0,4], 0el-Z2, 2]
y =rsin(p)cos(d) >0 = ¢ € [0,7]

/K div f(z,y,2)d(z,y, 2 / / . 6 -2 cos(6) df do dr

—/ / 6r° [sin(6 id(bdfr

- / 1272 []7 dr = 47r/ 32 dr = dm(43 — 0%).

b) Parametrization of W : A disk with radius 4 centered at 0 and y = 0.
p(r,0) = (rcos(), 0, rsin(9))”, 6 € [0,27], 0 <r < 4.
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cos(0) —rsin(0)
) (D
sin(0) 1 cos(f)

0 0

< (r) , F(p(r,0)) >=< (r) : (O) >=0.
0 0

Also /Wf-dO:O.

d) Following Gauss theorem and using a) and b) we have

/M f-do = /K div f (z,y,2) d(z,y, 2) —/W f.dO = 4'x.

Classes: 27.01-31.01.25



