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Exercise 1: (6+4 Points) Let

flz,y,2) =2+ 22 +y° + "y’ cos(2).

a) Compute the second degree Taylor polynomial Ty of f at xo = (7o, v0,20) =
(0,1,7).

b) Show that for the remainder Ro(z,y,2) = f(x,y,2) —Ta(x,y, 2) the following estimate

holds

Solution:

a)

Ty(z,y,2) = f(0,1,7) + grad f(0,1,m)" (

|Ro(z,y,2)| < 0.02

f(z,y,2) =2+ 2z + y* + ey cos(2),

fo = 2+ e*y* cos(z),
f, = 29+ 2e” cos(z),
f. = — e*y*sin(z),
Jow = ezyQ COS(Z),

iy = 267y co5(2),

foe = 1 — €%y?sin(2),
fyy = 2+ 2€” cos(z),
fy = —2ye®sin(z),

for = —€%y? cos(z),

1
2

T — T
+ —(r— 20,y — Yo, 2 — 20)Hf(0,1,7) | ¥y — o

Ve = (2,9,2)7 € R®: |z — 2l <0.1.

f(0,1,71) =2+ 1+ cos(m) = 2.

fl’(()?laﬂ-) =r—1
fy<0’177r)) =2-2=0
fz(071>77) =0—-0=0

Foal0,1,7) = —1
fﬂcy(ovlaﬂ—) = —2
for0,Lm) = 1
fyy(o,l,ﬂ) =2-2=0
fyZ(O,l,ﬂ') =0
f2(0,1,7) =1

Y—Yo
Z— 20

Z — 20

= f(O,l,ﬂ') + fﬂ:(07177T>(x_0> + fy(()?l?ﬂ-)(y_ 1) + fz(07177r)(z _7T)

—1

1 0

2

1 -2 1
+§(x,y—1,z—7r) -2 0 0

()

:2—1-7?3:—95—%—2x(y—1)+x(z—7r)+

(z —m)*
2
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Alternative notation

T2(ZL’,y,Z) = f(()?l?ﬂ-) + f;r(()alvﬁ)(x _IO> + fy(0’177r)(y_y0) + fz(07177r)(2 _ZO)

+ 21, (fm(o, 1,m)(x — 0)* + 2f,(0,1,m)(z — 0)(y — 1)
+2£2-(0,1,m)(z — 0)(2 — ) + f,,, (0, 1,7)(y — 1)

+ 2£,:(0,1,m)(y — 1)(z = 7) + f2(0,1,7)(z — 7))

2 2
:2—1—7m:—:c—x2—2:c(y—1)+x(z—7r)+(z ™)

2
b)
= e®y? cos(z <1.12%. 01
f:wcx Yy ( )7 |fzzx’ =
= 2ye” cos(z < 92.9.01
Ty Yy ) zry|
= —e%y?sin(z < 1.12.¢01
f:mz Yy ( )7 |fzzz’ =
fl“yy = 2¢” COS(Z)a |fzyy‘ S 260'1
= —2e"ysin(z < 929.01
Tyz Yy ) ryz| =
= —e*y? cos(z <1.12. 01
f:vzz Yy ( )7 |fzzz’ =
Jyyy =0,
fyyz = —2¢e” SiIl(Z)7 |fyyz| < 2¢0-1
= —2¢ey cos(z <2.2-¢%
fzzy Yy ) fyzz =
= "y’ sin(z 12 e
fzzz ny i ( )7 |fzzz’ S 1 12 0-1

An upper bound for the magnitudes of all third derivatives is e.g.
C:=44=22-4% > 22.¢%5 > 22.01,

Hence we can prove

33 9 9-22 198

R < Clx—wmo)?, <2-44-01% = =
|Ra(,y,2)| < 31 [z — @l < 92 1000 1000

< 0.02.
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Exercise 2:
Note: To solve this problem, you do not need to calculate a single derivative exactly!
Calculate the second-degree Taylor polynomial 75 for the function

flz,y) = 2y + cos(x) e’ + sin(x—i_y)

0
at Xg = (0> and show that for all

(z,9)" €R?* with |z < 0.15, |y| < 0.2
the following estimate holds

| R (,y;%0) | = [ f(2,y) — Ta(x,y:%0) | <0.05.

Solution 2:
The polynomial term xy is reproduced exactly.

Using the power series of cos, sin, exp we obtain

2 T IY.
v— (12 L LA
cos(m)e-(l 2!+4!IF...> <1+1!+2!+3!:F...
1 2 2
1.4 Y T
_1+1!+2! 5 4 Terms of Power > 3
and Tty z+y)3
sin(x—gy): 12'—(?))') + Terms of Power > 3.
Hence
2 2 2 2
B Y T r+y r 3y = Y .
Tg(x,y)—xy+1+y+5—?+ 5 —1+xy+§+?—5+5. [4 Points]

For the error estimation, we need an upper bound for the magnitudes of the third derivatives
of f. These can all be written as

(£sin(z) or +cos(x)) - €¥ — 55 cos(*3Y). Without using a calculator, this gives us

1 1 1
| third derivatives | < %? + 3 < e + g < Va+ g < 24 VreR, |y <0.2. [2 Points]

and
23 24 4-8-8 256 3

= (0.2 = = = < —.
3!( ) 10~ 10000 10000 ~ 100

| Ro (2,y5%0) | < [1 Point]

Hand in until: 22.11.24



