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Exercise 1:

a) Find all first and second order partial derivatives of

2 Yy
3(9573/7 Z) = .I'yZ SlH(ZL’+y+Z) and g(xawa) = M

b) Calculate for the function f: R® — R
f(% Y, Z) = arctan(x)ey + Sin(m) ln(l + y2)z + xzeZQ

the derivative f,,. as well as Vf(z,y,2).

Solution 1:

a)
s(z,y, z) :=xyz sin(x + y + 2),
se(x,y,2) =yz sin(x +y + 2) + xyzcos(x +y + 2)
Sea(®, Y, 2) =2yz cos(x +y + 2) — vyzsin(x +y + 2)

Soy(,y,2) =(2 — wyz) sin(x +y + 2) + (vz +yz) cos(x +y + 2)

All other derivatives we get immediately due to the symmetry, since variables x,y, 2
are interchangeable. For example, one gets by exchanging the roles of = and z:

Suy(2,y, 2) = sy.(x,y,2) = (v — zyz) sin(x +y + 2) + (zz+ yx) cos(x +y + 2)
Or for the calculation of s,, by exchanging x and y in s,

Syy(,y,2) = 22z cos(x +y + 2) — xyzsin(z +y + 2)

For the calculation of f,. one exchanges y and z in f,,:
S22(2,y,2) = (y — 2yz) sin(z +y + 2) + (zy + yz) cos(z +y + 2)

and so on.



Analysis 111, I. Gasser/H. P. Kiani, WiSe 2024/25, Homework sheet 1 2

cos?(x)eY

Differentiation of g(x,y,z) = with respect to y does not change the func-

tion. Therefore:

—2 cos(x) sin(z)e?

gﬂ?(‘raya Z) = >
cos?(z)eY
gy(xa Y, Z) :g<x7ya Z) = L
cos®(z)e?
gz(l‘a Y, Z) :gzy(xa Y, Z) = - T .
(—2cos?(z) + 2sin?(x)) e¥
gm(x,y,z) = 9 gwy(x7y7 Z) :gx<33'73/72)7

z
_ 2cos(x) sin(z)eY

ga:z(xayyz) 22 ) gyx(x>yv Z) :gx($7yaz) )

gyy(xayvz) :g(l’7y, Z), gy2<x7yvz) :gZ(x7y7Z)7

gzx($a Y, Z) :gxz(xa Y, Z) ) gzy<x> Y, Z) :gz<x7 Y, Z) )
2 cos®(z)e?

gzz(xa Y, Z) = T

b) In order to calculate the third order derivative f,,, of
f(z,y,2) = arctan(z)e? + sin(z) In(1 + y?)z + 22>
it makes sense to differentiate with respect to y or z first. For example:
Fo(x,y,2) = 0+sin(z) In(1 + ) + 2222

+0

. 2y
fuelay.2) = sin(e)

+y
2y cos(x)
faya(,y, 2) = W
fola,y, 2) T + cos(z) In(1 + y?)z + 2ze)
Vi(x,y) = | fylz,y,2) | = arctan(x)e? + sin(x) lzfyi
f(z,y, 2) sin(z) In(1 + y2) + 2z22¢*”
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Exercise 2: The function
1 2 2
u(z,t) = 5 {sin (Zj(x + ct)) + sin <L7T(x — ct))]
describes approximately the displacement of the point x € [0, L] of a vibrating string of

length L at time ¢ > 0

2
The position and the velocity of the string at time ¢ = 0 are u(x,0) = sin (?) and

ut(z,0) = 0. These are the so-called initial values.

a) Calculate the displacement at the end points of the string, the so-called boundary
values u(0,t) and u(L,t).
Pu  ,0%u
— = C—
ot? ox?
. AL L L L L
c¢) Try to sketch the form of the string for t =0, &%, 12, 5, 550 ¢ -

Hint: sin(a + b) + sin(a — b) = 2sin(a) cos(b) .

b) Show that u satisfies the wave equation

Solution 2:

a) u(0,t) = u(L,t)=0.

b) Calculate derivatives and substitute into the equation.

ug(x,t) = ; : 2; [cos (T(m + ct)> + cos <2£T(x — ct))]
Upe (1, 1) = % : 22 [—sin (22-(1’ + ct)) — sin (T(m — ct))}
u(z,t) = ; : QZT [cos (2I7/T(x + ct)) — cos (QZ(x - ct))]
cm 2c

u(x,t) = 7 Tﬂ [—sin (Qg(x + ct)) — sin (2[7/T(x - ct))] = gz, 1)

Note: In the applications, the situation is exactly the opposite: We are looking for a
solution to the wave equation

2 2
88252622;; = 2A(x), Vzel0,L], t>0

for given initial values, here
2
u(z,0) = sin (?) : und u(z,0) =0, Vo el0,L]

and given boundary conditions, here
u(0,t) = u(L,t) =0, Vit >0.
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c¢) Using the hint sin(a + b) + sin(a — b) = 2sin(a) cos(b) we get
u(z,t) == ; [sin (%’r(:v + ct)) + sin (%’r(:v - ct))} = sin (2%“> - oS (%)
u(z,0) = sin (%x) cos(0) = sin (%x) .

u(z, &) =sin (%) - cos (26‘3:;) = sin (2”7“) -cos() = 3 u(x,0)

N

Similarly one obtains:




