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Taylor Expansion 2

Consider a function f: D C R® — R that is m times continuously
partially differentiable in D, where D is open and convex, and
n,m € N. Let 2° € D. Then the Taylor expansion of f at 2° up to
order m is defined as:

Zm:1< (r—x TV) f)(a:o)

7=0

.
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Hessian Matrix

—

The Hessian matrix is a matrix that represents the second-order
partial derivatives of a multivariable function. For a function
f:R™ — R, the Hessian matrix at a point x is denoted by H f(x) and

is defined as:

*f 2f
0z% 0x10x2
f *f
2
Hf(X) _ 8:E2.8x1 8;?2
02 f 02 f

dzndz1 Oz dzs

0% f
0x10xn
02 f
0x20xn

Each entry H;; in the Hessian matrix represents a second partial

. . 2
derivative of f, where H;; = 7838];,.
10

» Symmetry: If f is twice continuously differentiable, the Hessian

matrix is symmetric, meaning H;; = Hj;.

Department of
Mathematics —



Example: 01 4
—

TQ(xﬂ Y, 2520, Y0, ZO)

= f(x0,%0, 20)

+ fo (20, Y0, 20) (x — x0) + fy(x0, Yo, 20)(y — yo) + f=(T0, Y0, 20)(z — 20)

+5 (fea (20, Y0, 20) ( — 20)? + fyy (20,90, 20) (¥ — 0)?
+ oz (@0, 90, 20) (2 — 20)* + 2 fay (@0, Y0, 20) (@ — 20) (Y — Yo)

+2 fo2 (20, Yo, 20)(x — x0)(2 — 20) +2fy=(x0, Y0, 20) (Y — yo) (2 — 20))
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Example: 01 5
—

T3(337y§$07y0)
= f(zo,90) + fz(z0,y0)(* — 20) + fy(%0,y0) (¥ — Yo)

+3 (foe (20, y0) (@ — 20)? + 2 fay (0, Y0) (@ — 20) (Y — Y0)
+ fyy (20, y0) (¥ — 40)?)
+% (fxxa:(wm yo)(CU - $0)3 + 3fx:cy(x07 yo)(l’ - xO)Z(y - yO)

+3 fayy (@0, y0) (@ — 0) (¥ — 10)? + fyyy (@0, 10) (Y — %0)?)




Exercise: 01

—

Calculate the Taylor polynomial of degree 2 for the following function
fle,y,2) =1+ z+ay+ 21— y)* + (y + 2)°

around the expansion point (0,0, 0).
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Exercise: 01

—

Solution:

flr,y,2) =1+ z2z+ay+22(1 —y)? + (y + 2)3

fy(z,y,2) =2 —22%(1 — y) + 3(y + 2)?
fo(z,y,2) =14 3(y + 2)°

f:m:(xayv Z) = 2(]‘ - y)2
Jay(z,y,2) =1 —4z(1 —y)
fxz(gﬂaya Z) =0

fyy(xv Y,2) = 227 + 6(y + 2)
fyz(,y,2) = 6(y + 2)
feoz(xyy,2) = 6(y + 2)

R

LUy

£(0,0,0) =1

f2(0,0,0) =0
£4(0,0,0) =0
£2(0,0,0) =1
fmx(oyo,o) =2
f24(0,0,0) =1
fo(0,0,0) =0
fyy(oaoao) =0
fy-(0,0,0) =0
fZZ(O,O,O) =0




Exercise: 01 8

—

= Ty(,,2,0,0,0) = £(0,0,0) + f(0,0,0)x + £,(0,0,0)y + f:(0,0,0)=
+5 (f22(0,0,0)2% + £,,,(0,0,0)y” + £2:(0,0,0)z>
+2fxy (07 07 O)xy + 2fx2(07 07 O)LUZ + 2fyz(07 0’ O)yz)

= 1+4z+ay+2?

Since the expansion point is the origin, it would have been easier to
expand the given function by multiplication and then omit terms
beyond the quadratic ones:

flx,y,2) =1+ 2z +ay +2® — 2yz® + 2% + 43 + 322 + 3y2? + 23
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Exercise: 02 9

—

Find the 3rd-degree Taylor polynomial of the following function

f(z,y) = zsin(z +y)

at the point (0, g)
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Exercise: 02

—

Solution:

f(z,y) = zsin(z +y)
fo(z,y) = sin(z + y) + x cos(x + y)
fy(2,y) = zcos(z + y)

fox(z,y) = 2cos(x + y) — zsin(z + y)

fay(x,y) = cos(z +y) — wsin(z +y)
Jyy(x,y) = —zsin(z + y)

f:L':E:B (x?
fa::vy(xa
fzyygl':

fyyy (2,

Y)

Y)
Y)
Y)

—3sin(z +y) — x cos(z + y)
—2sin(x +y) — z cos(z + y)
—sin(z +y) — x cos(x + y)
—zcos(z +y)

10

= f(0,5)=0

= fx (07 %) =1

= fy(0,3) =0

= [fuy (0,5) =0

= fyy (0,5) =0

= fmx:p (07 77/2) =-3
= 4y (0,7m/2) = =2
= .fzyy (Oa 7T/2) =-1




Exercise: 02 11

—

= Ts(x,y;0,7/2) = [f(0,7/2) + fo(0,7/2)x + f(0,7/2)(y — 7/2)

+3 (Fow(0,7/2)3% + 25, (0, 7/2)2(y — 7/2)
+ [y (0,7/2)(y — 7/2)?)
+ 1 (frew(0,7/2)2° + 3 fray (0, 7/2)2%(y — 7/2)

+3fayy(0,7/2)2(y — 7/2)% + fyyy (0, 7/2)(y — 7/2

= v—2°/2—2%(y—n/2) —a(y —7/2)%/2




Taylor’s Theorem 12

—

If fis (m+ 1) times continuously partially differentiable, then for the
Taylor expansion

f(x) = Tin(z; w()) + Rm($§$0)
the following Lagrange remainder formula holds,
with € :== 20+ O(z —2°) and 0 < © < 1

(=200 " 1) 0

Ry (x5 20) = m+ 1)

Alternatively, in terms of multi-indices:

Rnwat)= Y PTG a0y

!
(e
|a|l=m+1
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Example: 02
—

R3(.’L’,y;x0,y0) =

13

a1 (farae (61, &) (2 — 20)*
+4 faay (€1, &2)(z = 20)° (¥ — y0)
+6 faayy (€1, €2) (2 — 20)*(y — 0)?
4 fayyy (1, &) (& — 20)(y — yo)?

+fyyyy (€1, 62) (Y — y0)4)




Exercise: 03 14

—

Calculate the 2nd-degree Taylor Polynomial for the point of
development (z,yo) = (0,0) for the following function

h(z,y) = cos(a® +y?)

and estimate the error that arises when using 75 instead of h in the
rectangle [0, 7/4] x [0,7/4], from above.
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Exercise: 03 15

—

Solution:

h(z,y) = cos(z? + 3?) = h(0,0)=1
he(x,y) = —2xsin(a? + y?) = hz(0,0)=0
hy($ay) =2y Sin(ac2 + y2) = hy(oao) =0
hoe(z,y) = —2sin(x? + y?) — 422 cos(2? + y?) =  hu(0,0) =0
hay(z,y) = —4ay cos(x? + y?) = hgy(0,0) =0
hyy(x,y) = —2sin(z? + y?) — 4y® cos(z? + y?) = hyy(0,0) =0

= T2($7y;070) = h(O ) &7(7 )x"‘hy(()?o)y
+%( 2(0,0)2 +hwy(070)$y+hyy(070)y2)
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Exercise: 03 16

—

MATLAB command for surface plot:

ezsurf(’cos(x? + y?), [-2.5,2.5, —2.5,2.5])

cos (x2+y?)

ol
’ "0 '

, "0 m'o'% S

// I'o: "'
///'m
"Ofu' "‘
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Exercise: 03 17

—

For the error estimation, the third derivatives are required:

howe(x,y) = —12zcos(x® + y?) + 823 sin(x? + ?)
haay(z,y) = —4dycos(z? + y?) + 8z%ysin(z? + y )
hayy(z,y) = —4zcos(z? + y?) + 8y wsin(a? + y 2)
hyyy(z,y) = —12ycos(z? 4+ y?) + 8y> sin(z? + y?).

The error estimation for any (z,y) € [0,7/4] x [0,7/4] implies, with
6 €]0, 1[, any

(£1>£2) = (07 0) + 9(.1:, y) E]Oa 7T/4[X]077T/4[
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Exercise: 03 18

—

Using the triangle inequality, we obtain:

|h(:l?,y) - T2(337y; 070)‘ = |R2($7y;070)|
= % ‘hmm(fl, 52)553 + 3hmy(§1a 52)3329 + 3hfcyy(§1a fZ)w?JQ + hyyy (&1, fQ)yg‘
< % (|hxmm(£17£2)| : ’l'|3 +3 |hx:py(£17£2)| : |:v2y|

+3 [Py (€1, €)1 - [2?] + |hyyy (61, 62)] - 1)) -

Each of the four terms can now be individually upper-bounded.
Using |sint| < 1 and |cost| < 1, we have:

| (&1, 62)] - ’x‘g

| —12¢1 cos(&F + &3) + 8¢5 sin(&F + )| - |«
(| — 12&1] - [cos(&F + &3)| + |8€F| - | sin(&F + &3)|) - |=[?

(255 (1)) ()

IA

IN
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Exercise: 03 19

I
Similarly,
b1 e 5 (1 5. (2)) ()
3 hayy(€1,&)] - |zy?| <3 <4 ' % + <Z)3> (%)3

8.
3 3
|hyyy (€1, &2)] - |y°] < <12 —+8- %) > (%) Overall, we have:

AN

™

3 s T\ 3
ha.y) = To(a,y; 0,0)| < 55 <48 464 <Z) > = 5.5476...

The maximum error occurs at x =y =

2

2. ) — 1] = 0.669252...

42
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m™ T m™ T
n(Ge) =T (5 530.0) | = cos




Coordinate Transformation 20

—

Definition:
Let ® be a C! function, and U,V C R™ be open sets, with

®:U -V and uw~— P(u)

Here, u = (ug,ug, - ,u,)! and ®(u) = (®1(u), P2(u), -+, P, (u))?.

The Jacobian matrix J®(u") is assumed to be regular for every

u? € U, and there exists a C'! inverse function ®~1 : V — U. Then,
x = ®(u) is referred to as a coordinate transformation from the
coordinates u to the coordinates x.
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Polar Coordinates 21

—

T

Let u = (1, ¢)
with O <rand T <p<m

() -oeo- (153
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Circle Equation 22

—

The equation for circle is:

m2+y2:R2

describes the boundary K of a circular disk with a radius of R and a
center at (0,0).
K can be represented using Polar coordinates with R = r.

Circle: x2 +y?=R?
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Ellipse Equation 23

The equation for ellipse is:

describes the boundary E of an ellipse with the semi-axes a and b and
a center at (0,0).
E can be represented as (z,y) = (acos(p), bsin(p)).

Ellipse: x%32 + y%/22 = 1
a=3,b=2

2 —
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Cylindrical Coordinates 24

—

In cylindrical coordinates, a point is represented as u = (r, ¢, z
with O <r,—m<ep<mzeR

)T

x rcos(p)
z=| vy | =0(r,¢,2z)=| rsin(p)
z z
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Spherical Coordinates 25

In spherical coordinates, a point is represented as u = (r, ¢, 6)T
T T
with0<r,—nm<p<rm,— <0< =

2 2
x r cos(p) sin ()
x=| vy | =(r,p,0) = | rsin(yp)sin(0)
z r cos(f)

The inequality
2242+ 22 < R?
describes a Solid Sphere K with a radius of R and a center at
(0,0,0).
With 0 <r < R, K can be represented using spherical coordinates.
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Example 03 26
—

2?+y? =3

Draw the circle or ellipse and represent the solution sets of the
equation using polar coordinates, and display the (x,y) coordinates.
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Example 03 27
—

Solution:
Circle: Radius 7 = /3, Center (0,0)
Representation using Polar Coordinates with —7 <o <m

(z,9) = (V3cos(), V3sin())

Figure: Circle 22 +y? =3
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Example 04 28
—

42% + 9y* = 36

Draw the circle or ellipse and represent the solution sets of the
equation using polar coordinates, and display the (x,y) coordinates.
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Example 04 29
—

Solution:
Ellipse: Semi-axes a =3 and b= 2, Center (0,0)
Representation using Polar Coordinates with —7 <<

(z,y) = (3cos(p), 2sin())

=

Figure: Ellipse 2—2 + 5 =1
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Example 05 30
—

1622 + 3y* + 6y + 3 = 48

Draw the circle or ellipse and represent the solution sets of the
equation using polar coordinates, and display the (x,y) coordinates.
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Example 05 31
—

Solution:
Through completing the square, we obtain

1622 + 3y% 4+ 6y + 3 = 1622 + 3(y + 1)? = 48

2 1 2
- & LW +2 )’ _
(v/3)? 4
Ellipse: Semi-axes a = v/3 and b =4, Center (0, —1)
Representation using Polar Coordinates with —7 <o <m

(2,9) = (V3cos(p), 4sin(p) — 1)
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Example 05
—

32

Figure:

Ellipse

X
(\/3)2 42 Department of
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Example 06 33
—

22 —6x+94+19%=25

Draw the circle or ellipse and represent the solution sets of the
equation using polar coordinates, and display the (x,y) coordinates.
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Example 06 34
—

Solution:
Through completing the square, we obtain

2?2 —6x+9+y* = (v —3)2 + ¢y =52
Circle: Radius r =5, Center (3,0)

Representation using Polar Coordinates with —n7 <o <m

(z,y) = (5cos(p) + 3,5sin(p))
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Example 06 35
—

=

Figure: Circle (z — 3)% + y? = 52

Department of
Mathematics @ —



36

Department of

Mathematics

AMRTHHnute

AR

Example 07

in R? and represent
2 <4 with <0 and

ing region

Draw the solution sets of the follow
them using cylindrical coordina

1<2<3

2+y

tes. x

e

22

7

Zor552

oS

L4777

i \?,”«?2

277757

7777

S

JMuuBu

SOCTIISIIRY

=
SIS
NN

Half cylinder Z

Figure




Example 07 37
—

Cylindrical Coordinates for Z: u = (r, ¢, 2)T

x rcos(p)
y | = rsinlp) | =2(re,2)
z z

. 7T 3m

with 0<r <2, §§<p§?, 1<2<3
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Example 08 38
—

Draw the solution sets of the following region in R? and represent
them using spherical coordinates.z? + y? + 22 < 16, 0 <y

Figure: Half sphere H
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Example 08 39

Spherical Coordinates for H: u = (r,¢,0)7

x r cos(p) sin ()
x=1y | =®(r,p,0)=| rsin(p)sin(f)
z r cos(f)

with 0<r<4, 0<p<m, —

Department of
Mathematics @ —



Example 09 40
—

Consider the coordinate transformation

— u(:an) _ r—=Yy
ven=(50n )= (547)
with (z,y) € Q :=[-1,1] x [-1,1].
» Calculate J®(x,y) and det(JP(x,y)).

» Calculate @ !(u,v), JO 1 (u,v), det(JP(u,v)).
» Draw @ and ®(Q)
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Example 09512 .
sen= ()= (220 -(0 ) ()

This is a linear transformation, more precisely, it’s a rotation and
scaling by 45° with a factor of v/2, as:

(1 1) =ve( 12 ) =va(mia o).

o up uy (1 -1
J¢($’y)_<vx ,Uy>_<1 1)7

det(J®(z,y)) =2
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Example 095 i1)

)=( 1) ()
(5
( 1/2 1/2

“1/2 12 ) = (o),
det(J® L (u,v)) =1/2




Example 095 iii) 43

Figure: @

Figure: ©(Q)) i
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