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Exercise 1:

Given a vector field f : IR?® — IR? with

T
1+ 2x3z) .

1
f(l',y,Z) = (Siny+3$222,xcosy+ 1+y27

a) Show the existence of a potential for f without calculating it.

using the fundamental theorem for line integrals.

)
b) Calculate a potential by successively integrating f and
c)

)

d) Given a curve c : [0,37/2] — IR® with c(t) = (cost,0,sint)”. Compute the
line integral

/Cf(a:)dzc.

e) Plot the curve ¢ using the MATLAB function 'plot3’.
Solution:

a) IR? is simply connected and the integrability condition

fSy_fQZ 0—0
I'Otf (fE,y,Z) - flz - fdx 63322 — 61’22 =0
Jow — J1y COS Yy — COS Y

is fulfilled. Hence there exist a potential v(x,y, z) for f(x,y,z) ,i.e. it holds
f = grad v = (vg,vy,0,).
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b) v.(z,y,2) =siny + 3272 = wv(z,y,2) =xsiny + 2322 + ¢y, 2)
!

= =
vy(z,y,2) =xcosy + ¢y, z) = xcosy + 55
1
cy(y,2) = c(y, z) = arctany + k(z
y (Y, 2) T 4 (y,2) Y+ k(2)

v(z,y,2) = xsiny + 232% + arctany + k(2)
v,(z,y,2) = 22°2 + K'(2) =1+ 2252

K(z)=1 = k(z)=z+K with KeR
v(z,y,2) = xsiny + 2322 + arctany + 2z + K

A

¢) Choose as a curve k the line connecting points (0,0,0) and (x,y,z), i.e.
k(t) = t(z,y,2)T with 0 <t <1, so the potential v of f can be calculated
according to the fundamental theorem for line integrals

o(z,y,2) = /f(:c)da:JrK - /f(k:(t))k:(t)dt+K
i 0

L[ sinlty) 4322
1
= trcos(ty) + ————
/< (ty) e | g: >dt+K
0 1+ 2(tx)3tz
1
— / 523 2%t* 4 wsin(ty) + tay cos(ty) + TZ&)Q +zdt+ K
Yy

0
= 2°2%t° + tasin(ty) + arctan(ty) + zt|(1] + K

= 2°2% + wsin(y) +arctan(y) + 2z + K

d) Since the potential v(x,y, z) for f(x,y,z) exists, from the fundamental theo-
rem for line integrals it follows

/f(w) dx =v(c(37/2)) —v(c(0)) =v(0,0,—1) —v(1,0,0) = —1

sin()
o

1
1 05

o -1t cos(t)

Figure 1 Curve c
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Exercise 2:

Given a vector field  f(z,y,2) = (0, 0, 23)T and the body

H={(z,y,2)" e R’ |x2+y2—|—z2§16,0§y}.

a) Make a sketch of H .
b) Give parameterizations for each of surface segments bounding H .

c¢) Calculate the flow of f through these boundary segments.

d) Compute the volume integral / div f (z,y, 2) d(x,y, 2) .
H

Solution:

a)

Figure 2: Hemisphere H

b) Parameterization of the circular face S:  p : [0,4] x [0,27] — R? with

T COS

p(rp) = 0
rsin

Parameterization of the hemisphere T': q : [0, 7] x [—g, g} — IR? with

4 cos p cos Y

q(p,)=| 4sinpcosy
4siny
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c¢) The flow through S, with outer normal vectors

0 p 0 ap _ cc(:js.1 %2 si‘;3 = |
or 8g0 7 7

= —r
—rsing 0

7 COS 0
4 27

0 4 27
/fdo-//< | - >dgpd7’:/ 0dedr =0
r3sin® ¢ 0 0

0
Flow through T, with the outer normal vectors

aq aq €1 €2

€3
90 <0 —4sinpcosy 4cospcosy 0

—4cospsiny —4singsiny 4cosy
/fdo
T

b Tl'/2

5
/ / 45 cos o sin pdipdip = 457 Sm5 4

0 —m/2

COS Y COoS P
= 16cosy | sinpcosvy
sin vy

b 7T/2

0 COS ¢ cos P
//16cosw< 0 , | sinpcosvy >dwdg0

0 /2 43 sin? 1) sin 1)

/2

2. 457
—7/2 5

d) Using the Gauss’s theorem (divergence theorem), one obtains

/Hdlvfdxy, /fdo+/fdo_

Alternatively: direct calculation using spherical coordinates

/ div f(z,y,2) d(z,y, 2)
H

T /2
/32 d(x,y, z // / 3r?sin® r? cos 1 dipdpdr
H

0 —m/2

4 ™ w/2

/T4dr/dcp / Beos ¥sin’ ¥ dvy = — r

0 0 —7/2

4

24571
n 5

QDlO Sln3¢| 7r/2 -

Discussion: 29.1. - 2.2.2024



