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Exercise 1:

a) For the function

f : Q → IR , f(x, y) = 6− 2x+ 4y

with Q := [0, 3]× [0, 2] compute

(i) Riemannian upper and lower sum for the following equidistant decompo-
sition Z of Q

Qi,j = [xi−1, xi]× [yj−1, yj] , i, j = 1, . . . , n

where xi =
3i

n
and yj =

2j

n
(ii) and the integral of f over Q using Fubini’s theorem.

b) (i) Draw the area P enclosed by the functions f(x) = 2x and

g(x) = 24− 2x2 and represent it as the “normal” area.

(ii) Compute

∫
P

x d(x, y).

Solution:

a) (i)
Uf (Z) =

n∑
i,j=1

inf
(x,y)∈Qi,j

(f(x, y)) · Vol(Qi,j)

=
n∑

i=1

(
n∑

j=1

(6− 2xi + 4yj−1) ·
3

n
· 2
n

)

=
6

n3

n∑
i=1

(
n∑

j=1

(6n− 6i+ 8(j − 1))

)

=
6

n3

n∑
i=1

(
6n2 − 6in+ 8

(n− 1)n

2

)
=

6

n3

(
6n3 − 6n

n(n+ 1)

2
+ 4n2(n− 1)

)
= 42

(
1− 1

n

)
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Of (Z) =
n∑

i,j=1

sup
(x,y)∈Qi,j

(f(x, y)) · Vol(Qi,j)

=
n∑

i=1

(
n∑

j=1

(6− 2xi−1 + 4yj) ·
3

n
· 2
n

)
= 42

(
1 +

1

n

)
(ii)

∫
Q

6− 2x+ 4y d(x, y) =

∫ 3

0

(∫ 2

0

6− 2x+ 4y dy

)
dx =

∫ 3

0

6y − 2xy + 2y2
∣∣2
0
dx

=

∫ 3

0

12− 4x+ 8 dx = 20x− 2x2
∣∣3
0
= 42

So we obtain:

42

(
1− 1

n

)
= Uf (Z) ≤

∫
Q

f(x, y)d(x, y) = 42 ≤ Of (Z) = 42

(
1 +

1

n

)
.

b) (i) Intersections of f and g :

2x = 24− 2x2 ⇔ 0 = x2 + x− 12 = (x+ 4)(x− 3) ⇔ x1 = −4 , x2 = 3.
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Figure 1 “normal” area P

P =

{(
x
y

)
∈ IR2

∣∣∣∣ −4 ≤ x ≤ 3 , 2x ≤ y ≤ 24− 2x2

}

(ii)
∫
P

x d(x, y) =

∫ 3

−4

24−2x2∫
2x

x dy dx =

∫ 3

−4

(xy)|24−2x2

2x dx

=

∫ 3

−4

x(24− 2x2 − 2x) dx = −343

6



Analysis III, J.Struckmeier/K.Rothe, WiSe 2023/24, Homework 6, Solutions 3

Exercise 2:

Draw the half cylinder Z given by 1 ≤ z ≤ 2, 0 ≤ y and x2 + y2 ≤ 9 and
calculate its center of mass with the density function ρ(x, y, z) = z using cylindrical
coordinates.

Solution:
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Figure 2 half cylinder Z

Cylindrical coordinates for Z : 0 ≤ r ≤ 3 , 0 ≤ φ ≤ π , 1 ≤ z ≤ 2 with x
y
z

 =

 r cos(φ)
r sin(φ)

z

 = Φ (r, φ, z) , det J Φ (r, φ, z) = r

Calculation of the mass M in cylindrical coordinates using the transformation theo-
rem with ρ(x, y, z) = z :

M =

∫
Z

z d(x, y, z) =

3∫
0

π∫
0

2∫
1

zr dz dφ dr =

3∫
0

π∫
0

rz2

2

∣∣∣∣2
1

dφ dr

=
3

2

3∫
0

π∫
0

r dφ dr =
3

2

3∫
0

πr dr =
27π

4

Computation of the center of mass (xs, ys, zs) :

xs =
1

M

∫
Z

zx d(x, y, z) =
1

M

3∫
0

π∫
0

2∫
1

zr · r cos(φ) dz dφ dr

=
3

2M

3∫
0

π∫
0

r2 cos(φ) dφ dr =
3

2M

3∫
0

r2 sin(φ)
∣∣π
0
dr = 0
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xs = 0 is also due to the symmetry.

ys =
1

M

∫
Z

zy d(x, y, z) =
1

M

3∫
0

π∫
0

2∫
1

zr · r sin(φ) dz dφ dr

=
3

2M

3∫
0

π∫
0

r2 sin(φ) dφ dr =
3

2M

3∫
0

−r2 cos(φ)
∣∣π
0
dr

=
3

M

3∫
0

r2 dr =
27

M
=

4

π

zs =
1

M

∫
Z

z2 d(x, y, z) =
1

M

3∫
0

π∫
0

2∫
1

z2r dz dφ dr

=
7

3M

3∫
0

π∫
0

r dφ dr =
7π

3M

3∫
0

r dr =
21π

2M
=

14

9
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Exercise 3:

a) For the vector field f : IR2 → IR2 with f (x, y) =

(
y + sinx

xy2

)
calculate

the integral of the curve (line integral)

∮
c

f (x )dx .

Here c is the mathematically positive boundary curve of the area G enclosed
by x2 ≤ y ≤ x with 0 ≤ x ≤ 1 .

b) For the vector field f : IR3 → IR3 with f (x, y, z) =

 −z2/2
0
xz


calculate the line integral

∫
c

f (x )dx with the line

c :
[
−π

2
,
π

2

]
→ IR3 and c(t) =

 2 cos2 t
2 sin t cos t
2 sin t

 .

Solution:

a) The boundary curve consists of two smooth parts:
∂G = c1 + c2 , with

c1(t) =

(
t
t2

)
, c2(t) =

(
1− t
1− t

)
, with 0 ≤ t ≤ 1
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Figure 3 a) boundary curve ∂G

To calculate the line integral of the 2nd type, the tangential vectors are requi-
red:

ċ1(t) =

(
1
2t

)
, ċ2(t) =

(
−1
−1

)
.∮

∂G

f(x) dx =

∫
c1

f(x) dx+

∫
c2

f(x) dx

=

1∫
0

⟨f(c1(t)), ċ1(t)⟩ dt+

1∫
0

⟨f(c2(t)), ċ2(t)⟩ dt
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=

1∫
0

〈(
t2 + sin t
t · t4

)
,

(
1
2t

)〉
dt

+

1∫
0

〈(
1− t+ sin(1− t)
(1− t) · (1− t)2

)
,

(
−1
−1

)〉
dt

=

1∫
0

t2 + sin t+ 2t6 + t− 1 + sin(t− 1) + (t− 1)3 dt

=
t3

3
− cos t+

2t7

7
+

(t− 1)2

2
− cos(t− 1) +

(t− 1)4

4

∣∣∣∣1
0

= −11

84

b)
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Figure 3 b) Curve c∫
c

f(x) dx =

π/2∫
−π/2

⟨f(c(t)), ċ(t)⟩ dt

=

π/2∫
−π/2

〈 −2 sin2 t
0

4 sin t cos2 t

 ,

 −4 sin t cos t
2(cos2 t− sin2 t)

2 cos t

〉 dt

=

π/2∫
−π/2

8 sin3 t cos t+ 8 sin t cos3 t dt

=

π/2∫
−π/2

8 sin t cos t dt = 4 sin2 t
∣∣π/2
−π/2

= 0
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