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Exercise 1:

a) For the function
f:Q—-R, f(z,y)=6—2x+4y
with @ :=[0,3] x [0,2] compute

(i) Riemannian upper and lower sum for the following equidistant decompo-
sition Z of Q)

Qij = ricv, x] ¥ [yj-1,y5] . 4,5=1,....n
3t 29
where z; = 2 and yj = il
n n
(ii) and the integral of f over @ using Fubini’s theorem.

b) (i) Draw the area P enclosed by the functions f(z) = 2z and
g(z) = 24 — 22 and represent it as the “normal” area.

(ii) Compute / xd(x,y).
P

Solution:

a) (i) Up(2) = Z inf (f(z,y))- Vol(Qi;)

s e PR
ij=1 (2,9)€Q4,

= 2": (i (6 — 2z, +4y;_1) - %)

=1

= %Z(Z(Gn—6i+8(]’—1))>

=1

= %é (6n2 — 6m+8w>
_ 8 <6n3 — 6nM + 4n?*(n — 1)) = 42 <1 — l)

n3 2

S|
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n

01(Z) = Y sup (f(z,9))- Vol(Qy;)

ij=1 (z.¥)€Qi,;

=S (S 2 2) < n(ie])

i=1 \j=1

. 3 2 3
(ii) /6—2x—|—4yd(a:,y) = / (/ 6—2x+4ydy) dr = / 6y—2$y+292§d$
Q 0 0 0

3
= / 12 — 4o+ 8dzx = 200 — 22°|) = 42
0
So we obtain:

n

4 (1 - %) _U,(2) < /Qf(x,y)d(x,y) — 42 < 0,(Z) = 42 (1 + 1) |

b) (i) Intersections of f and g¢:
20 =242 0=+ - 12=(v+4)(x-3) ez, =4, 15 = 3.

y

_5,

Figure 1 “normal” area P
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Exercise 2:

Draw the half cylinder Z given by 1 < 2 < 2,0 < y and 2> +9%? < 9 and
calculate its center of mass with the density function p(z,y, z) = z using cylindrical
coordinates.

Solution:

N (1
A

Figure 2 half cylinder Z

Cylindrical coordinates for Z7: 0<r<3,0<¢p <7, 1<z <2 with

x r cos(yp)
y | = rsinfp) | = (r,p,2), detJ ®(r,p,2) =7
z z

Calculation of the mass M in cylindrical coordinates using the transformation theo-
rem with p(z,y,2) =z

3 m™ 2 3 7 912
M = /zd(x,y,z):///zrdzdcpdrz//% dp dr
Z 00 1 00 !
3 17 3 27
= 5//rdg0dr = 5/7Trd7‘:T7r
00 0
Computation of the center of mass (xs, ys, 25) :
3 ™ 2
[ty ) = 1 () dz di d
s = — Y, 2) = — - T COS
x R . 2r -1 cos(p) dz dp dr
Z 00 1

™

3 3
3 5 3 2 . w
= m//r cos(p) dp dr = 2—/r sm(<p)‘0 dr =0
00 0
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xzs = 0 is also due to the symmetry.

3 7
1
yszM/zydxy, //
0

Z

zr - rsin(p) dz de dr

3

3 0w

//r sin(p) dp dr = Y03 /—r cos(p dr
0 0 0
3
0/

CO H\N)

4

Sy

\]

14
rdr = — = —

3M 9

1 3 m™ 2
/ d(x,y, z ///zzrdzakpdr
Z 0 1
3 7
// dodr —
3
00

o\w
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Exercise 3:

a) For the vector field f :R* = IR* with f(z,y) = ( 4 —;Z;nx ) calculate

the integral of the curve (line integral) 7{ flx)dx .

Here c is the mathematically positive boundary curve of the area G enclosed
by 22 <y <z with 0 <z < 1.

—22/2
b) For the vector field f :IR® — IR® with f(z,9,2) = 0

Tz

calculate the line integral / f (x)dx with the line

(¢}

- 2cos? t
c: [——,—} —R?® and c(t) = [ 2sintcost
2°2 94
sint

Solution:

a) The boundary curve consists of two smooth parts:
0G = C; + Co, with

Cl(t):(tg)’ CQ(t):(i:i), with 0<t<1

Figure 3 a) boundary curve 0G

To calculate the line integral of the 2nd type, the tangential vectors are requi-

red: &u(t) = < 21t ) Cell) = ( j > .
§ t@ie = [ f@izs [ f)de

— /(f(cl(t)),él(t)> dt+/ (f(ca(t)), €2(t)) dt

0 0
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() ()
[y (1)) e

0

_|_

2 +sint + 20+t — 1+sin(t — 1)+ (¢t —1)°dt

1

I
wl| 5o S~

207 (t—1)? (t—1)* 11
= —cost+— b —cos(t— 1)+ | = ——
cost + - + 5 os( ) + 1 . Y
b)
Figure 3 b) Curve ¢
/2
[ f@de = [ (ret.w)
c —7/2
/2 -2 Sin2 t —4sintcost
= / < 0 | 2(cos?t —sin?t) >dt
i 4sint cos®t 2cost
w/2
= /8sin3tcost—|—881ntcos3tdt
—7/2
w/2
. .2 ,|T/2
= / 8sintcostdt = 4sin 15_7r/2 =0
—7/2
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