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Exercise 1:

Examine the implicitly given by the level set curve(s)
flz,y) =y* =22 +2* — 222 = 0.

In particular, determine

a) the symmetries of the curve(s),

b) the points of the curve with the horizontal and
c¢) vertical tangents,
d) the singular points of the curve and classify them,

)

e) draw the level set.

Solution:
flry) =y* =22 +2* =222 =0, grad f(z,y) = (da(z? —1),4y(y* — 1))

a) The curve can have the following symmetries:

about the z-axis, f(z,y) = f(z, —vy),
about the y-axis, f(x,y) = f(—=x,y),
about the origin, f(x,y) = f(—x,—y),
with respect to the bisecting line, f(z,y) = f(y,z)

b) We obtain the points of the curve with a horizontal tangent from the conditions
felw,y) =0 A flzy) =0 A fylz,y) #0.

0= fu(z,y) =4z(z*—-1) =
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c)

l.case: x =0
= 0=[(0,9)=y*12-2) = y=0Vy==%V2

o (1) (8) e (L2)

2. case: 2—-1=0 = z==+1
= 0=f(FlLy) =y"'—2"—1=(y*—1)* -2

= y:im = P3=( 141—\/§>7

(i) e (v ) 7o (s )

Since the condition f,(P;) # 0 is only fulfilled for P, --- , P, these are the
points with horizontal tangent.

We obtain the points of the curve with a vertical tangent from the conditions
folwy) =0 A flz,y) =0 A folz,y) #0.

0=fylz,y) =dy(y*~1) = y=0 VvV ¥y —-1=0
y=0 = 0=f(z,0=221>-2) = =0V r==+/2

< e (8) e (5) ne ()

V¥ —1=0 = y==+1
= 0=f(r,£)=2"-22" - 1= (2> - 1)* -2

= xzim = sz( 11L\/§)7
Pm:(_@)jpnz( 1+\/§)7P12:<_\/m).

—1 —1

The points Py, ---, Pjo are the only ones to fulfill the condition f,(P;) # 0.
Hence only for them we have vertical tangents. This result can also be obtained

using the symmetries.

For By = (0,0)T it holds grad f(0,0) = 0, hence P, is the only singular
point.

2 _
Hf(x,y>=(12“0 ! 12y§_4) > Hf(o,O)z( 3_2)

It is an isolated point (maximum) because det H f(0,0) > 0 holds.
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e)

Figure 1 a)  f(z,y) = y* — 2y? + 2% — 222

Figure 1 b) Level set y* —2y? + 21 — 22 =0,
which contains the isolated point Py = (0,0)T
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Exercise 2:
Compute and classify the extrema of the function f : R* — IR with f(z,y) =
422 + y? on the circle 22 +y? — 22 =3
a) by using Lagrange multipliers method and
b) by using polar coordinate parameterization ¢ of the circle and then solving
the extreme problem h(t) := f(c(t)).
Solution:
We need to deteremine the extrema of the function f(z,y) = 42? + y* under the

constraint g(x,y) := (r — 1)+ 3> —4=0.

a) Regularity condition:

Jg(xz,y) = grad g(z,y)" = (2(x — 1),2y) = (0,0) = (z,y) = (1,0)
It holds ¢(1,0) = —4, i.e. the center of the circle (1,0) does not belong to the

circle ¢ = 0. Hence all admissible points, i.e. g(z,y) = 0 satisfy the regularity
condition

Rang (J g(z,y)) = 1
Lagrange-function:  F(z,y) = 42> + > + M(z — 1)* + > — 4)

Lagrange multipliers rule:

8z + 2A(z — 1) 0
( VF(z,y) > _ 2y(1+ \) ={ 0
9(z,y) (x—1)2+y*>—4 0

2. Equation:
lecase: y=0 = 0=g(x,0)=(x—1)?—4=0 = 71 =3, 1= —1

Candidates for extrema: P = < g ) Py = ( —01 )

2.case: A=—1=0=8r—-2(x—-1)=62+2 = z3=-1/3
= 0=yg(-1/3,y) =(-1/3 =1+ 4y —4 = yp5 = +v20/3

. 1/ -1 1 -1
Candidates for extrema: Ps; = 3 ( /20 ) , Py = 3 ( V30 )

Since the set g(x,y) = 0 describes a circle, it is compact.

The continuous function f attains its absolute maximum and minimum on
g(x,y) = 0, since the circle is a compact set. So among the candidates for
extrema are the absolute maximum and minimum.

Further we compute function values at the candidates for extrema

24

f(Pl):36a f(P2):47 f(PSA):?

So P, is absolute maximum and FPs4 are absolute minima.
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5

The intuition tells us that P, is the local maximum. This can be precise-
ly determined using the sufficient condition of the second order, i.e. via the

property of definiteness the Hessian matrix

8 + 2\ 0
HessF(x,y)Z( 0 2(1+A))

computed in the kernel J g (x,y) at point P,. For P, = (—1,0)T from the
first equation in the Lagrange multipliers rule we obtain 0 = =8 —4\ = A\ =

—2. Hence we have

J g(—1,0) =(—4,0) and HessF(—1,0) = < 3 _02 ) :

The kernel is spanned by e = (0,1).

Since elHessF(—1,0)eo = —2, HessF is negative definite on the kernel. So

P, is a strict local maximum.

3
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Figure 2 a) Constraint g(z,y) := (r —1)* +y* —4 =0 with
level set of function f(x,y) = 4z* + y?

|
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b) The circle g(z,y) = (z — 1)> + y* —4 = 0 can be parameterized using the

polar coordinates as follows

x 2cos(t) +1
p— —. <
(y) ( 2sint ) re(t), 0<t<2m,

hence it holds g¢(2cos(t) + 1,2sin(¢)) = 0. We search the extrema of

)
h(t) := f(c(t)) = 4(2cos(t) + 1)* + (2sint)* = 12cos*t + 16 cost + 8..

Candidates for extrema: h'(t) = —8sint(3cost+2)=0 =
t1 =0, ty =7, ty = arccos(—2/3) , ty = 27 — arccos(—2/3) .
(For i =1,2,3,4 the values t; correspond to the points P, from a).)

R"(t) = —8(6 cos? t+2cost—3) = h"(t;) = —40, b (t2) = —8, h'(t34) = 40/3

Hence for t;2 we have the local minima with the function values
h(t;) = 36 and h(ty) = 4, and for ¢34 local minima with the correspon-

ding function values h(ts4) = 24/9.
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Figure 2 b)  h(t) := f(c(t)) = 12cos®*t + 16 cost + 8

Discussion: 18.12. - 22.12.2023



