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Exercise 1:
Let h:IR® — IR be a function with
h(z,y,2) = 162> + 22 + 4y° + 22 — 8y + 5.

a) Check whether the level set g(z,y, z) = ¢, defined by the point (3,1,0) forms
a smooth surface in the vicinity of this point.

b) Determine the tangent plane at the point (3,1,0) with respect to the surface
from a) in parameterized form.

c¢) If possible, solve the above equation for one of the variables in order to deter-
mine the area explicitly.

d) Make a sketch of the surface.

Solution:

a) Since h(3,1,0) = 16, the level set is given by the implicit equation
g(w,y,2) == 162> + 2* + 4y* + 22 — 8y — 11 = 0.
In order to determine whether g(z,y,z) = 0 forms a smooth surface in the

neighbourhood of the point (3,1,0), the assumption of the implicit function
theorem must be checked:

grad g(x,y,z) = (22 + 2,8y — 8,322)T = grad ¢(3,1,0) = (8,0, O)T ,

so only ¢.(3,1,0) = 8 is an invertible 1 x 1 submatrix. Using the implicit
function theorem, the level set forms a smooth surface that can be described
by solving g(z,y,z) =0 for z, i.e. in a neighborhood of (3,1,0)

= f(y,z), with f(1,0)=3 and ¢(f(y,2),y,2)=0.
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b) At (3,1,0) the surface f is approximately described by the associated tangent
plane 77, which in vector form is given by

x f(ya Z) Tl(y7z;170)
y | = y ~ y
< V4 z

To represent the tangent plane we need:

Jf<y7 Z) = _(gm)il(gya gz)
— ETOET 12) - 2(8y —8,32z)
~ Jf(1,0) = —ﬁ(o,m — (0,0).

Hence the parametric form of the tangent plane is

Ty(y,21,0) s+ a0 (V)
y =
e Y
z
3 3 0 0
= y | =1 ]+@-1|1]|]+2]0
z 0 0 1

c) 1622 +2?+4y? +2x—8y+5 = 16 can be explicitly solved for x. Considering
x(1,0) = 3 we can only have '+’ when taking the square root.

16 = 1622+ 2% +49> + 22— 8y +5
= 1622+ (z + 1)> + 4(y — 1)?

= z(y,z) = —1+4/16—1622—4(y —1)% =: h(y, 2)

There is no unique solution w.r.t y or z, because of the square root sign
ambiguity.

d) 16 = 1622 + 22 +4y* + 20 — 8y + 5 = 1627 + (v + 1) + 4(y — 1)? Using
spherical coordinates, the entire level set can be parameterized using (p, 0) €
[0,27] x [—7/2,7/2] as follows

4cospcosf — 1
p(p,0) =1 2sinpcosf +1
sin 6
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Level set 1622 4+ 2% + 4y? + 22 — 8y + 5 = 16 and tangent plane

Figure 1
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Exercise 2:

For the function f(z,y,z) = y + 2z compute and classify the extrema on the
intersection of the parabolic cylinder z = 22 — 1 with the plane z = 2y using the
Lagrange multipliers method.

Solution:

2

Constraint: ¢i(z,y,z) ;=2 —2—1=0 and gs(x,y,2) := 2z —2y = 0.

0 -2 1

Regularity condition: J g (z,y,2) = <293 0 _1>

has rank 2 in all of IR?.

All admissible points therefore satisfy the regularity condition and the Lagrange
multipliers method can be applied:

Lagrange-Function:  F(2,y,2) =y + 22+ A(2% — 2 — 1) + Xa(2 — 2)

Lagrange multipliers method:

2)\133 0

1—2X\ 0

(VF(‘U’y’Z)>: 2- M+ =] 0
g([ﬁ,y,Z) 1’2—2—1 0
z—2y 0

A1 and Ap are obtained from the 2. and 3. equation by solving a system of linear

equations
1 -1 M (2 - -
(o0 2 )(2)=(1)=n=s20=1p

1. Equation: =0 = 0=¢1(0,y,2)=—2—1 = z= -1
= 0=0(0,9,-1)=-1-2y = y=-1/2

0
The only candidate for extrema: P, = | —1/2
-1

Since the intersection of the parabolic cylinder z = 22 — 1 with the plane z = 2y is
a parabola, which is not bounded, one can not use here the compactness argument.

We classify the candidate for extrema P; using the sufficient second-order condition,
i.e. via the definiteness property of the Hessian matrix

2\1 0 0
HessF(z,y,2) = 0 00
0 00

with the kernel J g (z,y,z2) at P

Jg(0,—1/2,—1) = (8 Y _11) .
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The kernel is spanned by e? = (1,0,0).

Since eTHessF(0,—1/2,—~1)e; = 2\; = 5, the HessF is positive definite on the
tangent space. So P; is a strict local minimum with the function value f(P;) =
—5/2.

Figure 2: f on the intersection of the parabolic cylinder z = 22 — 1 with the
plane z =2y
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